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Figure 1.3 RLC circuit for interpreting
Poynting's theorem.

We know from circuit theory that the real power delivered to the circuit is P,s = %RU*,
and the energy stored in the inductor and capacitor is given by U,, = iLH* and U, =
iCVV*, respectively, which enables us to write (1.35) as

Pin - Ploss + 2]w (Um, - UE’) (136)

which is exactly the same form & (1.34). Furthermore, this suggests the following ex-
pressions for stored magnetic energy and stored electric energy in terms of the fields:

1 e — 1 R
Um:ZRe// H-BdV Ue:ZRe// E-D'dv (1.37)

It should be noted that these expressions for energy density are not valid for dispersive
media, but can be suitably modified (see p.94 of [2]).

1.6 SOURCES AND GENERATORS

I'n formulating electromagnetic problems, we may postulate a set of charges or currents as
known sources of fields, and subsequently atempt to formulate more direct solutions for
thefidd quantitiesin terms of these sources. However, we must remember that the fields
so produced are also capable of indudng surface charges and currents in neighboring
matter. These induced currents and charges will then give rise to another set of fields
which are superimposed on thefirst, and soon. Thisphenomenonis cdled scattering, and
the secondary fidds produced by the induced currents are the scattered fields. Although
the induced charges and currents also act as sources of the scattered fields, they are
clearly different than the origind set of charges and currents, which were assumed to
exist independent of the presence of any fields. Using the superposition principle, we
therefore express the total currents, .J and M in Maxwell’ s equations, as

7271‘ +jf M= ﬁl +W.f (1.38)

where (J;, M) are the impressed currents, and (.J;, M ;) are the currents induced by
the fidds. Impressed currents are assumed to be fixed in some way that is not affected
by the fields; these are andogous to the ideal current generators used in circuit theory.
Induced currents are those that flow only in response to the fidds, and aise physically
from motion of ether free or bound electrons. The mation of free electronsis described
classically through Ohm’ s law and is called a conduction current, whereas the oscillatory
motion of bound chargesis called a polarization current.

The linearity of Maxwell’ s equations (assuming linear media) means that the fields
can be similarly decomposed into a component due only to the impressed currents (the
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“applied” or “incident” field), and a component produced by the induced currents (the
“scattered” field),

E - Finc + Escatt F: ﬁino + Ecatt (139)

As a example of these ideas, consider the reflection of an incident field from a perfectly
conducting plane, as illustrated in figure 1.4. Mathematically, Maxwell’ s equations de-
scribe a self-consistent relationship between the total currents and total fields for the
problem, but physically it is more appeding to consider the situation as a chain of events:
the incident field is produced by an impressed source distribution .J;; this incident fied
induces a conduction current on the surface of the conductor; the induced current then
acts as a source, radiating fields which must exactly cancel the incident fields on and
within the conductor, as required by the boundary conditions. In later chapters we will
develop quite general methodsfor atacking such scattering problems based on this causal
viewpaint, which can be applied to aimost any problem, a least in principle.

incident field
2E NN
Figure 1.4 Reflection from a mir- - induced
ror as a smple example of scattering Jf surface
processes, described by impressed and current
induced currents.
scattered fidd

mrror

T he distinction between impressed and induced currents istherefore anatural break-
down in terms of “cause and effect”, but it can sometimes lead to confusion in analysis.
The trouble starts when making statements such as “currents are induced, which in turn
radiate...”. In order to calculate the scattered fieldswe may temporarily view the induced
currents as fixed generators, that is, like impressed currents. In this way, the same math-
ematical rdationship between incident fields and impressed currents can be used to relate
the scattered fidds to the induced currents. But it must be remembered that the currents
in question are, in fact, induced currents when making such calculations. They produce
only part of the fidd and hence must be rdated back to the impressed currentsin such a
way that al boundary conditions are satisfied. This discussion may seem rather pedantic,
but a clear understanding of the differences is especially helpful in our application of fidd
equivalence principles.

Impressed currents can be used torepresent “circuit” generatorsas shown in fig. 1.5.
A current sour ce is modeled as a short filament of impressed current .J; in series with a
perfectly conducting wire, a shown in fig. 1.5a. Assuming the dimensions of the circuit
ae small enough so that Kirchoff’s circuit laws apply, then the impressed current will
induce a current in the external circuit of the same magnitude, irrespective of the load
impedance. If we compute the complex power flow out of a volume surrounding the
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Figure 1.5 Electromagnetic representation of independent circuit sources. (a) Current
generator (impressed eectric current filament); (b) Voltage generatar (impressed magnetic
current loop).

generator (the dashed box in fig. 1.5), we find

o S
i/// E-J,dV = JI*/ E-dl=-I'V (1.40)
2 /) 2" yap 2

which is in accordance with our expectations of a current generator. Note that the internal
impedance of the source is infinite, since removal of the impressed current leaves an open
circuit in the gap. Similarly, a wltage source in drcuit theory can be represented as in
fig. 1.5b, using a filamentary loop of magnetic current around a perfectly conducting wire.
From Maxwell’ s equations, and neglecting the magnetic flux linked by the circuit,

LE = [f3.5

If the path C is coincident with the wire leads and closes across the terminds, then we
find the magnitude of the magnetic current filament is just —V, and theref ore the complex
power flowing out of the generator (through the dashed box in fig. 1.5b) is

1 ([ —= — 1 R 1
- // H-MdV ==V ¢ H-dl=-VI* (1.41)
2” “loop 2

The internal impedance in this case is zero since removal of the current loop leaves a
short circuit.

1.7 RECIPROCITY THEOREMS;
RUMSEY’S REACTION

Suppose there are two separate source distributions, (.J1, M1) and (.J,, M>), inacertain
localized region defined by volume V, as shown in figure 1.6. Physically this situation
is representative of a general two-port electrical network, such as an antenna link. Char-
acterization of this electrical network involves examining the interaction of fields and
sources between the ports. We assume the volume is filled with a simple isotropic media
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described by (1.13) and (1.11). These sources produce the fields (E1, H 1) and (E,, H>),
respectively, in accordance with Maxwell’s equations

V x By = —jwpH, — M, V x By = —jwuHs — M,
VxH, = jweE,+J; and VxHy = jwebs+ 7T (1.42)

Using the vector identity (A .47)

V- (AxB)=(VxA)-B-(VxB)-A
we find that
V(El XﬁQ_EQ Xﬁl) :jl'EQ—jQ'El—FHQ'ﬁl—Hl'ﬁQ (143)

Integrating (1.43) over the volume V' and using the divergence theorem (A.54) gives

S 7\\ N /
N

Figure 16 Two source digributions and corresponding fiel ds within a volume V.

# [Elxﬁgfigxﬁﬂ'ds
JJ s

= /// [J1 By~ Js-E1+My-Hy — M, -Hy) dV  (144)
JJv

Note that the only currents on the right hand side which contribute to the integral are the
impressed sources; induced current terms cancel by virtue of (1.11). This result is usually
goplied (and more easily interpreted) for certain spedial cases where either the surface
integral or volume integral vanishes. For example, if the surface is chasen to exclude any
impressed sources so that .J; = J, = M = M, = 0, then (1.44) reduces to

# [Eyx Hy —Ey x Hy|-dS =0 (1.45)
JJ S

which is called the Lorentz reciprocity theorem. In this case the fields are due to sources

external to S. We will later use this result to establish the reciprocal properties of an
antenna link.

Note conditions
of vdidity!
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Alternatively, if the surface S coinddes with a PEC or PMC boundary, then the
surface integral vanishes since, using (A.38),

(E1Xﬁ2)'7ﬁb* (EQXFl)'ﬂ: (’leFl)‘EQ*(TALX )ﬁl
:—(ﬁxﬁg)fl—ﬂ—(ﬁx 1)'EQ

and dther 72 x E = 0 for a PEC boundary, or 7 x H = 0 on a PMC boundary. Then
(1.44) reduces to

/// (B, J —H, M) dV:/// (By-Jy— Hy- M,y) dV (1.46)

Thisis a more familiar statement of reciprocity for those knowledgeablein circuit theory,
and is often simply referred to as the reciprocity theorem. This last result can also be
obtained if S is taken asa sphere at infinity. Then the Sommerfeld radiation condition (see
Chapter 2) insures that the fields produced by localized currents in V' will be spherical
outward waves at infinity, so that
=" ]E = (x B Ha—(ixB) H =0

I nterestingly, many of the “physical observables’ important in applied el ectromagnetics—
that is, quantities that can be measured directly—can be expressed in terms of integrals
likethose in (1.46). Rumsey [6] has argued for the physical significance of these integrals,
which he cdled reaction integrals. The left hand side of (1.46) is then thought of asthe
reaction of source #2 on the fields from source #1. This refers to the fact that, in order to
keep flowing, the sources must “react” to the fields in ther vicinity by supplying/absorbing
energy. Reaction integrals are commonly abbreviated as

<ij >:/// (E;-J;— H; M) dV (1.47)

The reciprocity theorem (1.46) can then be represented concisely as

(V)

<i,j>=<7j,i> (1.48)

An important problem for later work that can be described in terms of reaction integralsis
the determination of equivdent circuit parameters representing a multiport dectromagnetic
network, as shown in figure 1.7. Using fig. 1.7a, the impedance matrix is defined by

o N
V=Z-T o Vi=> Zl, (1.49)
j=1

Each term in the summation, Z,;1;, gives the contribution to the terminal voltage—the
induced EMF—at port : due to currents impressed at port j, with all other ports open-
circuited. Assuming that the independent current sources of fig. 1.7a are implemented in
the sense of fig. 1.5a, we can compute the reaction < j,i > as

port i port %
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where the last equality follows since the path integral or E, over port 7 isjust thevoltage
induced at port ¢ due to the current source at port j, or Z;;1;. Theefore,

<ji> 1 // S
Sy L SR E;-J;dV
Lil; Lil; ’

Using the reciprocity theorem (1.46) we find that

Zy = (1.51)

Zij=Zji

which is the familiar result from circuit theory. If we had alternatively chosen to express
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Figure 1.7 Multiport circuit representation of an electromagnetic system. (a) Configu-
retion for characterization in terms of impedance parameters; (b) Configuration for char-
acterization in terms of admittance parameters

the system in terms of admittance parameters as shown in figure 1.7b, a similar analysis
gives

1 (e —
y”:ﬂ:—// H, - M, dv (152
ViV ViVl

with a similar consequence of reciprocity,
Yij =Y

Closer examination of the derivation of (1.44) showsthat it is critically dependent on the
assumption of a simple isotropic media in the volume V. That is, we have only proved
reciprocal properties for dectrical systems comprised on isotropic media. Using more
generd congtitutive relations for anisotropic media (1.14) and (1.15), we find (Problem
1.3) that the result (1.44) is only obtained when the material properties in the volume are
described by symmetric dyads

i=¢ T=1u G=0 (1.53)
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Such materials are therefore called reciprocal materials. Animportant example of a mate-
rid that is not reciprocal is a magnetically-biased plasma, such as the Earth’s ionosphere.
Antenna links involving propagation through the Earth’s ionosphere are therefore not
reciprocd. Alternativdy, antennas themselves may be constructed from non-reciprocal
media, such as magnetically-biased ferrites. The resulting non-reciprocal antenna may
serve a useful function; for example, simultaneously transmitting and receiving different
polarizations. Propagaion in non-reciprocal media and analysis of non-reciprocal anten-
nas is, however, a relaively specialized topic tha will not be dealt with in this work.
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Figure 1.8 Impressed currents above conductors do not radiate, as can be shown by
aplying the reciprocity theorem to this example.

The redprocity theorem will prove a useful tool in other contexts. For example,
consider the situationin fig. 1.8, where there are two sets of impressed currents, denoted as
J1 and Jy, within avolume V. Current .J; isimpressed directly adjacent to a PEC object.
Current J, is atest source tha can be oriented in any arbitrary direction. According to
(1.46), these currents and the fields they produce are related by

// By J2dV = ///V By Jydv (1.54)

Now, the field E, is the totd field produced by the test source .J», which must vanish
everywhere along the surface of the PEC object. Therefore the integral on the right in

(1.54) is zero and we have
// Ey-JadV =0
JIIv

Since .J, can be anything we choose, this must mean that £, = 0 everywhereinside of V.
This proves that impressed electric currents on PEC surfaces do not radiate. Physically
this is because the induced currents on the object radiate fields which exactly cancel the
fidds of the impressed current.
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The method just employed is quite powerful. Think of what we have just done—
we've solved for the fields produced by an arbitrary current distribution J; radiating in
the presence of a conductor, an otherwise difficult boundary-vdue problem. All that was
necessary was a knowledge of the fields produced by our “testing” source, which can be
anythign we choose.

1.8 UNIQUENESS OF SOLUTIONS

After going to the trouble of finding a solution to Maxwdl’s equations for a particular
problem, one may wonder if it is the only possible solution. This is guaranteed, under
certain conditions, by the uniqueness theorem. To prove the theorem, we assume the
existence of two possible solutions, and derive the conditions required to insure they are
identicd.
Le (E,,H,) and (E,, H,) be two possible solutions to (1.5) for a given set of
sources,
folz—W—Jw,uﬁl Vxﬁlzj—i-JweEl 15
fogz—ﬁ—jw,uﬁg Vxﬁ2:j+jw€ig (1.59)

Subtracting these equations and defining the difference fields 6 £ = £y — E, and 6H =
H] — H2 g|VeS . . . _

V xO0FE = —jwudH V x 6H = jweb (1.56)
which are just the source-free Maxwell equations. Therefore, the difference fields must
satisfy Poynting's theorem (1.34),

# (6E x 6H )-dS = jw /// (W6 H|? - €*|6E|*] dV (157)
JJ S J.

If the solution were indeed unique, then thiswould imply that § E = 6H = 0 everywhere
within the volume of interest, so that both sides of (1.57) vanishes. Suppose we now
reverse the problem: if we can somehow prove that the surface integral in (1.57) vanishes,
under what conditions does this imply that the solution is unique? Expanding the volume
integral in terms of its real and imaginary components, a vanishing surface integral would
require that

///V [/ |8H|* — €|6E|*] dV =0 (1.589)

/// (1 |6H|? + "|6E|?] dV =0 (1.58b)
SISV

In lossy media, 1/ and ¢’ are always positive. As long as there is some finite (though
perhaps infinitesmal) loss in the system, the second of (158) can only be satisfied if
OFE = 6H = 0 everywhere in the volume Since thereis always some loss in practice,
uniqueness is therefore guaranteed provided we can make the surface integral vanish.

Using (A.38) and dS = 7.dS, the integrand of the surface integral in (??) can be
written as

(6E x 6H)-dS = (i x 6E)-6H dS = —(n x §H ) - 6E dS (1.59)
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If thetangential dectric fieds are specified on the bounding surface—for example, if the
problem statement fixes the value of 7 x £ on S—then this boundary condition must
be incorporated into every possible solution, hence n x ¢E = 0 over S, and the surface
integral vanishes. Similarly, if the tangentid magnetic fidds, 7 x H), are specified on
the surface, then n x 6 H = 0 over S, and the surface integral vanishes. Therefore, the
fidds produced by sources within a lossy region are unique as long as the tangential
components satisfy prescribed conditions at the bounding surface. To obtain uniqueness
in an ideal lossess region, we consider the fidds to be the limit of a corresponding field
in alossy region as the loss goes to zero [4].

1.9 FIELD EQUIVALENCE PRINCIPLES

It many problems, a knowledge of the fields is required not everywhere in space, but
rather in a certain wdl-defined region that is separate from the sources of the fidd (for
example, the radiation fields of an antenna). In such cases it may be possible to simplify
the problem by replacing the actual sources with fictitious sources tha produce the same
fiddsin the region of interest. These provide powerful tools for analysis.

1.9.1 Image Theory

The simplest and most familiar equivalence is the mehod of images. This technique
is realy just a catalog of certain electromagnetic problems that produce identical field
distributions. These are usually identified by noting that conducting surfaces are surfaces
of constant potential, and therefore can be placed dong equipotential lines in any field
distribution without altering the fields. For example, in fig. 1.9a, the fidds produced by a
positive and negative charge separated by a distance 2z produce an equipotential surface
midway between the two charges. If we place a conducting object along this equipotential
surface as shown in fig. 1.9b, then the fields above the surface are unchanged.
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Figure 1.9 (@) Positive and negative charges separated by 2. (b) Positive charge +q a
digance z above a ground plane. These two situations are identical as far as the fidds
above the ground plane are concerned.

This equivdence is usually applied in reverse Given a situation where there are
charges a distance = a conducting plane the conductor can be replaced by a set of image



FIELD EQUIVALENCE PRINCIPLES 21

charges that have the opposite sign as the original charge, spaced a distance = bedow the
original conducting surface. This eliminaes the conducting matter, leaving only charges
in unbounded space, a considerably easier problem to solve. Note however, that this
equivalence applies only to the fields above the original conductor.

From this simple example we can derive many other image equivalents involving
dectric currents, and magentic charges and currents, and PMC surfaces. These are sum-
marized in fig. 1.10 bdow. Note that the images for current elements depend on the
direction of the current element, and can be derived from a knowledge of the behavior of
the image charges as they are moved reative to the conducting surface. For example, a
horizontd current element ./, above a PEC ground plane corrsponds to a positive charge
movement in the direction of the current flow. The image charge in this case would
move in the same direction, but has the opposite sign so that the effective image current
direction is reversed.
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Figure1.10 Summary of equiva ent images for sources near conductors.

1.9.2 Love-Shelkunoff Equivalents

Readers familiar with circuit theory will remember that a nework containing sources
which drives a passive load nework can be replaced by a Thevenin or Norton equivalent.
This isillustraed in figure 1.11. Insofar as the calculation of voltage and current in the
load network is concerned, the original and equivalent sources behave the same.
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Figure1.11 Thevenin and Norton equivaence principles from circuit theory.

In the case of the Thevenin and Norton drcuits, the equival ent sources are expressed
in terms of the open circuit voltage, V,.., and short-circuit current, 7., which are measured
at the terminals of the sourcenetwork. T he equival ent source impedance in each cese Z.,,
is the impedance of the original source nework with all the sources shut off. However,
the Thevenin and Norton sources are not the only possible equivalents. In order to rdate
the concept more directly to field theory, it is desirable to expressthe equivalent sources in
terms of the actual terminal voltage and current in theoriginal problem of figure 1.11. This
is accomplished by the equivalent circuits of figure 1.12. These circuits are equivalent to
the original problem because the relationship between V' and I is fixed by the passive load
network, which remains unchanged. Simple analysis shows that there is no current flowing
in the source impedance of figure 1.12a, so it can be specified arbitrerily; figures 1.12b
and 1.12c result from the choice Z., = 0 and Z., = oo, respectively.
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Network N Network Network
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Figure 1.12 Other possible equiva ents sources in terms of the actua termind vdtage
V and current I from the previous figure.

T he same concepts are extended to field theory by considering the situation depicted
in figure 1.13a. Sources within some bounded region, possibly contai ning matter, produce
the fields (E, H) outside of that region. To simplify the calculation of these fields,
we replace the original sources by impressed surface currents J, and M, flowing on
the boundary of the source region. From (1.22), we know that the magnitude of the
surface currents required to produce the same fields outside of the boundary depends
on the difference of the tangential fields across the boundary. Since the region within
the boundary is of no interest, we can arbitrarily specify that the fields are zero within

that region, giving the equivalent of figure 1.13b. This is known as Love' s equivalence
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principle [4]. Note that this equivalence is only hdpful when the tangential fields & the
boundary of the original problem are known (or can be approximated). Comparing this
situation to the circuit model of figure 1.12a, we see that the magnetic current isanalogous

to the terminal voltage V', while the electric current is analogous to the terminal current,
I
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Figure 1.13 Four possibl e source configurations which produce the same fie d configu-
ration external to the boundary S. (&) Original problem. (b) Love’s equiva ent, where the
arigind sourceregion is replaced by free-gpace, and surface currents are impressed on the
bounding surface to produce null field within S. (c) and (d) are Shelkunoff equiva ents,
where the origind sourceregion is replaced by a perfect conductor. In the latter case, the
impressed currents induce additional currents on the conductors.

1
'
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Since the null fidd was specified within the original source region, the material
found within the source region is irrelevant to the calculation of fields external to that
region. This is analogous to the arbitrariness of the source impedance in the circuit
equivalent of figure 1.12a. The most common choices are to fill the volume with free-
space, as was tadtly assumed in L ove’ s equivalent, or to surround the region by a perfect
dectric conductor or perfect magnetic conductor, as shown in figures 1.13c, and 1.13d.
Thelatter two choices are due to Shelkunoff [4], and are anal ogous to the circuit models
of figures 1.12b and 1.12c. In the first case (figure 1.13c) only magnetic currents are
required, since the impressed current .J, is “short-circuited” by the PEC and does not
radiate (proved earlier using the reciprocity theorem). Similarly, the magnetic current M,
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is short-circuited in figure 1.13d, and only the dectric surface current is required. From
the uniqueness theorem we are assured tha the fields calculated in each case will be
identical to the original problem, as only one of the tangential fields (F or H) is required.

Although it may not be immediatdy obvious, the equivalence of the four physical
situations depicted in figure 1.13 can greatly simplify radiaion problems. A complicated
boundary-value problem (ie. sources radiating in the presence of nearby objects, such
as figures 1.13a, 1.13c, 1.13d) can be reduced to an equivalent set of currents radiating
in a homogeneous unbounded medium (figure 1.13b). Alternatively, we will use the
equivadence of figures 1.13a, 1.13c, and 1.13d in our formulation of Huygen's principle
in Chapter 2, which reduces a complicated source distribution (1.13a) to a (hopefully)
simpler surface current on a conductor (1.13c or 1.13d).

1.9.3 Volume Equivalence Theorem

The volume equival ence theorem is based on the following observation: for any material
body characterized by a simple scalar permittivity and permeability as in (1.13), we can
write Maxwdl’s curl equations as

VxH=J+ jwefz Ji+ 7,, + jweof (1.604)
VxE =—M;— wuH=—M,; — ﬁp — jwﬂ()ﬁ (1.60b)

where we have defined the polarization currents
J,=gwle—e)E M, =w(p—po)H (1.61)

In other words, we can replace the material by a volume current distribution (J,, M)
flowing in free space The magnitude of the polarization currents are dependent on the
total fields, and the total fields include some contribution from the polarization currents,
so this approach is typically used to set up a self-consistent integral equation for the
currents.
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Figure 1.14 Volume equivaence theorem. Simple did ectric or magnetic matter can be
replaced by volume polarization currents flowing in free-space.

1.10 FIELD BEHAVIOR NEAR A SHARP EDGE

At sharp edges of material bodies, the charge and/or current density may be highly con-
centrated, and in fact can become infinite in the limit of a mathematically perfect edge.
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Consequently, some of the field components may also be highly peaked near an edge. It is
important to understand the mathematical nature of this possible singularity, especidly in
numerical computation where anticipating the correct form of the fields can often greatly
speed the convergence to an accurate result.

Asasimple and practicd example consider the two-dimensional conducting wedge
in fig. 1.15, which isinfinitein the 2 direction. A TE-to-z excitation as shown will induce
z-directed currents on this object, and the associated current density function will have a
mathematical singularity at the edge. From the boundary conditions, thisimplies that the
p and ¢ components of the scattered magnetic fidd will be singular at the edge. This is
the only solution as guaranteed by the uniqueness theorem. Now, infinite fidd quantities

TE excitation
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Figure 1.15 Cross section of a PEC wedge with r
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may be acceptable as long as the physical observables derived from them remain finite
If Maxwell’s equaions are correct, the singular solution must therefore behave such that
the field energy remain finite. This physical constraint gives us the critical information
for predicting the behavior of the fields close to an edge In the present case, the electric
stored energy per unit length in a cylinder of radius « surrounding the edge is

2r—« a
to=seo [ [ 1B pdpio (162
2 Jo 70
A similar expression describes the magnetic stored energy. T he fields within the fictitious
cylinder can be expressed as a power series in p; the dominant term in the series (for
small p) will have the form p”, where ~ isthe exponent to be determined. For the electric
energy in (1.62) to remain finite with £, o p” requires that v > —1. From Maxwell’s
equations, the dominant term in the expansion for the magnetic field can be determined
& H xV x E x p’ !, and therefore for the magnetic stored energy per unit length to
remain finite requires that + > 0. Clearly then v must be positive in order to have a finite
total field energy within the cylinder. This also agrees with our expectaion that £, must
vanish & p — 0.
Near the edge we can write £ = E. ~ p7f(¢). Subgtituting into Maxwell’s
eguations gives
ﬁ Y2+ EP?) f=0 1.63
8(/52+(/+ p*) f =0. (163
Electrically close to the edge where kp < v we can neglect the term k2 p* and hence

f(¢) =~ Asin~y¢ + Bcosvy¢ (1.64)
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The unknown coefficients and allowed vadues of + can be determined by the requirement
that £, vanish at ¢ = 0 and ¢ = 2w — o, which gives B = 0 and v = nn/(2r — )
wheaen = 1,2,.... The smallest positive v describes the dominant term in the power
series for the fields near the edge (i.e. for small p) , so we have

™

TEcase: F, =~ Ap’siny¢ where 7= 3 (1.65)
T —
_ _ A A .
S - T 15cos inA
H = f]w“V x k= UW = pcosyo— ¢sinye

A similar derivation can be carried out for a TM excitation (Problem 1.5), with the result

TM case: H, ~ Bp" cos ¢ (1.66)
—= — B .
E=1lVxH=— ! —psiny¢ — ¢ cos vo

Jwe Jwe L=
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a

Figure 1.16 Examples o frequently encountered edges and associated snguar field
behavior.

So in both cases the singular fields vary as p”~ !, where v = 7/(27 — o). Figure
1.16 illustrates three special cases often encountered in problems, and the anticipated field
behavior close to the edge. Numerous other cases and treatments of singular fidds can
be found in the excdlent monograph by Van Bladel[7].
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