Unipolar Space Charge Limited Transport

HE transport in materials where the electrons in the medium contribute to voltage drop
in the medium is generally termed as Space Charge Limited Transport (SCL Transport).
Introduction to this chapter...

1.1 Didectric Relaxation

Prior to our discussion of SCL transport, it it important that the reader have a firm understand-
ing of the concept of dielectric relaxation. It is well known from basic electromagnetic theory
that a conducting material cannot support any free charge that is not compensated by an equal
and opposite charge. Therefore, if some free charge is injected into the material, this charge
must be neutralized by mobile carriers either from the material boundary or from a charge re-
sevoir. This process, known as dielectric relaxation, occurs within a finite amount of time 7.,
known as the dielectric relaxation time. Since dielectric relaxation is achieved by means of con-
duction processes, 7. is small in metals but can be large in lightly doped semiconductorsand in
insulators.

The magnitude of 7,. can be derived as follows. Consider a homogenous, unipolar conductor
of conductivity o and permitivity e. Assume that initially, some mobile chargeis introduced into
the material such that at time ¢ = 0, the distribution of free chargeis p f,c.(7;t = 0). Using the
following equations from electromagnetic theory,

VD = pfrec (1.1.2)
D=¢E (1.1.2)
J=0E (1.1.3)
2> _dpfree

T = 1.14

V-J 7 (1.1.4)

the time evolution of the mobile chargein the material can be shown to be:

Prree(T3t) = prree(T;t = 0) exp [%] (1.1.5)
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Figure 1.1: Representation of a conductor as ann ™-n-n™ structure. The cathode and the anode
are considerred to be at the n-n junctions, since the n™ regions are considered to be short
circuits.

This result shows that uncompensated charge in a uniform conducting material is neutralized
withinatimer, = €¢/o.

An interesting result of this phenomenais that when a current .J is passed through a uniform
conducting material, charge is injected into the material such that the areal charge density in
the material increases by an amount Q;,; = 7.J. The injected charge will in general not be
uniformly distributed within the material. The distribution will be one for which the Current
Continuity Equation and Poisson’s Equation can be solved simultaneously and self—consistently.
Theincrease in chargewithin the material affectsthe electricfield distribution and thereby affects
the voltage drop in the medium. The following section will focus on the impact that thisinjected
charge has on the transport properties of the material.

1.2 Current flow in a doped semiconductor

Itisuseful at thistimeto reconsider current flow in aconductor in the frame of acharge control
analysis. Figure 1.1 shows such a conductor as an n™-n-n* system where the n semiconductor
has length L and is doped with N, donors. This results in an equilibrium electron density
ng ~ Ny in the conduction band and an equal number of positively charged ionized donors
N(% = ng ~ Ng4. Our assumption of full donor ionization implies that the donor is shallow and
that the Fermi level lies below the donor level. In this system, current is supplied by electrons
injected at the cathode and collected at the anode. In our analysis, we assume the cathodeto be a
resevoir contact, or in other words a contact that is able to supply whatever current is necessary
for the solution to the problem as determined in the bulk. We a so assume that al currents are
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1.2. CURRENT FLOW IN A DOPED SEMICONDUCTOR 3

pure drift currents, and any diffusive component can be neglected. This second assumption is
consistent with our neglect of the role of the contacts, since diffusion currents are appreciable
only in the area directly adjacent to the contacts. Finally, we assume that all electrons injected
into the bar are injected into the conduction band, i.e. none of the injected electrons fill empty
donor states. Indeed, injection of charge into the system will cause the electron quasi-fermi level
(QFL) to rise above its equilibrium value. However, it can be easily verified using Fermi-Dirac
statistics that in the situation which is considerred here, the charge injected into empty donor
states is much less than that injected into the conduction band. The system described here is
commonly referred to as the trap—free limit.

Any voltage V' maintained between the cathode and the anode is accompanied by an electric
field within the bar, thus inducing a current .J. As stated earlier, this current will result in an
increase in the charge concentration within the bar, causing the sample to deviate from space
charge neutrality. If we neglect the effects of the injected charge, which isavalid approximation
at low current levels, then the electric field within the bar is uniform everywhere with a value
E = V/L. Thecurrent density isproportiona to V andisgivenby J = gnv = gnouV/L, which
is awell-known representation of Ohm'’s Law. Asdepicted in Figure 1.2(a), the electric field is
supported by a charge density ), at the anode and —@Q,, a the cathode, where Q, = €V/L.
Using the above expression for J, @, can bewrittenas Q, = eJ/qnop = J(e/o) = 7.J. This
leads to the very interesting result that the charge injected into the bulk, which we will refer
to as Qin;, is equal in magnitude to the charge (), induced at the anode. In other words, the
entire negative charge that we assumed was located at the cathode is in fact distributed within
the bar and has to be resupplied by the contacts every 7,. seconds. Therefore, any current flow
in a conductor causes the system to be no longer space charge neutral. As long as the injected
charge is much less than the background charge, @ i,; << gnoL, the system may at best be
considered to be quasi-neutral .

Since the entire charge at the anode is imaged in the bulk, the electric field at the cathode
E(0) = 0, and the electric field must increase monotonically from the cathode (x = 0) to
the anode (x = L). Current continuity thus requires that the injected charge density 7 ;,,; ()
monotonically increase in magnitude from the anode (x = L) to the cathode (z = 0). In
most moderately doped systems and most definitely in metas, the relaxation time is so small
(< 10713 secs) that the injected charge need be very small to still enable a substantial current
flow as determined by the ratio, (;,,; /7. In the case of low-level injection, such that @Q;,; <
qnoL, most of the injected charge will be located right near the cathode, and so the transport
properties only deviate slighlty from ideal Ohmic behavior. The charge distribution and electric
field profile for this case areillustrated in Figure 1.2(b).

An interested reader may wonder how the physical transit time of electrons, 7, is related to
the current flow. Again going back to Ohm’s Law, J = o F, we can rewrite the equation as
J = gqnopE (neglecting Q) or J = gnov. Settingv = L/7, and Qp = gnoL leads to the
reassuring result that J = Q g /7;, which tells usthat all the electronsin the sample are replaced
by the process of current flow every 7; seconds. Note that the transit time does not determine the
time response of the resistor, since the time response of current is via relaxation of electronsand
not by their transit.

Now consider the situation in which the current is increased to the point where the injected
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Figure 1.2: Charge distribution and electric field profile of the bar from Figure 1.1 with current
J passing through. (a) Ohmic approximation in which @ ;,,; is neglected completely. (b) Low-
level injection, Q,; << gnoL, transport characteristics only deviate slightly from Ohm’s Law.
(c) Current is large, Qinj >> gnoL, transport properties are characterized by Mott-Guerney
Law. In each case, the applied voltage is the area underneath the electric field curve, and £, =
J/qnop isthe electric field predicted by Ohm’s Law.
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1.2. CURRENT FLOW IN A DOPED SEMICONDUCTOR 5

charge density is larger than the thermal charge density in the semiconductor, as illustrated in
Figure 1.2(c). Clearly, our assumption of space charge quasi-neutrality is no longer valid. It
is now that the nature of transport in the material ceases to be ohmic, and the current voltage
relationship is dominated by the space chargein the material. The defining relationship changes
from Ohm's Law to the Mott-Guerney Law, which is derived below. The applied voltage at
which this occurs, called the cross-over voltage V., is approximated as the voltage at which the
injected charge is equal to the bulk charge, or Q) ;,,; = gnoL. Combining this expression with
Qinj ~ eE ~ €(V, /L), wefind
B gnoL?

vV, = (1.2.1)
€

Oncetheinjected charge density islarger than the thermal charge density in the conductor, the
current continuity (Equation 1.2.2) and Poissons (Equation 1.2.3) equations shown below have
to be simultaneously solved to obtain the current-voltage characteristics of the material.

J = qn(z)v(z) ~ qnin;(z)v(z) (1.2.2)

0%V (z) _ qNinj()
ox2 €
In Equation 1.2.2, we have assumed that the injected electron density is much greater than the
donor density [n(z) >> Ny (or ng)]. These two equations can be combined and rewritten as

(1.2.3)

0*V(x)  J/v(x)
or?2 €
The problem here can be readily solved in two limiting cases of the electron velocity versus
electric field behavior. In the case that the velocity increases monotonically with electric field or
v = —pkE, redizing that —0V (z)/0x = E(x), and applying the boundary condition £(0) = 0,
the solution of Equation 1.2.4is

(1.2.4)

J = (9/8)eu(V?/L?) (1.2.5)

From the above equations, it is also possible to find expressions for the injected charge density
aswell asthe electric field distribution at a current .J:

1/2
Ming () = [quﬂ z /2 (1.26)
9 1/2
E(z) = — {%} zt/? (1.2.7)

Additiondly, if weignorethe (9/8) prefactor in Equation 1.2.5, it can be shown that the crossover
voltage V. in Equation 1.2.1 corresponds to the point at which Equation 1.2.5 and Ohm’'s Law
intersect.

Equation 1.2.5 is referred to as the Mott—-Gurney Law, Child’s Law for Solids, or the trap—
free square law. In essence, current in a trap—free solid varies as the square of the voltage and
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inversely as the cube of the distance when the velocity-field relationship of the carrier is linear.
It should be noted that the maximum electric field in the bar (i.e. the electricfield at x = L) at
the crossover current will depend on the length of the bar, as seen in the equation below.

L
E(J = Jy,x=1L)~ L0

(1.2.8)

€
If the electric field in the bar exceeds the saturation field E,;, then the electron velocity satu-
rates. Thus, in order to observe the transition from Ohm’s Law to the Mott—-Gurney Law, the
length of the bar L < €E 4 /qno. Asan example, for silicon doped with 1016 donors, in order
for the transition from Ohm’s Law to the Mott—Gurney Law to occur prior to saturation, the
length of the bar L < 600A. The case when the electron vel ocity saturates will be dealt with
later.

Figure 1.3 displays what we have learned to now. First the current flows obeying Ohm’'s Law.
Oncethe applied voltagereachesavalue V., the cross—over voltage, such that theinjected charge
is larger than the thermal charge, then space charge current flows in accordance with the Mott—
Gurney Law. Another interesting physical reason for this cross-over becomes apparent when we
look at the physical transit time, 7, of carriers across the length L of the conductor. Under the
assumptions of constant mobility and uniform electric field, we have 7, = L/vor 7, = L/uE.
At the cross-over point, the electric field E is approximately givenby E = V,,/L = qnoL/e,
which resultsin 7, = ¢/qnop, or 7w = ¢/o = 7, the ohmic relaxation time. This states that at
the voltage at which the transit time of the carriers becomes shorter than the relaxation time, the
injected carriers cannot be relaxed by the thermal carriers before they exit the material. Hence,
ohmic conduction will no longer be valid, and space charge limited transport commences.

Calculating an exact solution to the problem involves simultaneously solving the Current Con-
tinuity Equation and Poisson’s Equation expressed in the following form:

J = q[nin; (x) + nolpn E(z) (2.2.9)

dE(x)  —qnin;(x)
e €J (1.2.10)

Although it isimpossible to derive an exact equation which explicitly relates the current .J to the
voltage V', an exact numerical solution can be obtained and is plotted in Figure 1.3. However,
the solution does not provide significant physical insight into the problem and is thus left as
an exercise for the reader (see Problem 1.1). Additional insight can be gained by solving the
above eguations using the Method of Regional Approximation. This method was first applied by
Lampert and Mark [1] to the case under consideration here and is described as follows.
Consider the schematic plot of the injected charge distribution n ;,,; vs x illustrated in Fig-
ure 1.4. The total mobile charge n(z), aso plotted in Figure 1.4, can be expressed as n(z) =
Ninj () + no. If the current density J is not too high, then there exists a point in the bar, la-
beled x; in Figure 1.4, at which n,,;(x1) = no. The Regiona Approximation assumes that
to the left of x;, the total charge n(xz) = nnj(z) + no =~ ni,j(z), and to the right of x4,
n(z) = ninj(z) +no =~ ng. At very low currents, where the injected charge @ ;,,; is very small,
x1 is very close to the cathode (z = 0), and the solution is very close to Ohm’s Law. As J
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Figure 1.3: Normalized current—voltage characteristicsin a trap—free solid.

increases, more chargeis injected into the bar, and 21 moves closer to theanode (z = L). Even-
tually, acritical current J ... isreached at which x:; = L. For currents J > J..,., the results of the
Regional Approximation areidentical to those of the Mott—Gurney Law, and the current—voltage
relationship is characterized by SCL transport.

To solve the equations governing current flow, we split the bar into two regions. Theregionin
which 0 < z < x; isreferred to as Region I, and the region in which z; < x < L isreferred
to as Region I1. The equations needed to be solved in each region are as follows. For Region |
(0<z<mm):

J = qin; () pn E(x) (1.2.12)

dE(x)  —qnin;(x) (12.12)

de €
subject to the boundary conditionsthat £(0) = 0 and n ;,; (x1) = no. For Region Il (z; <z <
L):

J = gqnopE(x) (1.2.13)
dE(@) _, (1.2.14)
dx
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Figure 1.4: Schematic diagram of the mobile charge distribution at relatively low level injection.
Thetotal mobile chargen(z) = n,;(z) + no.

Additionally, in order to be able to join the solutions in Regions | and I, we require that the
electric field be continuous across z1, or Ej(z1) = Err(x1).

Beginning with Region |, we can see that the governing equations in this region are identical
to those used to derive the Mott-Gurney Law (Equation 1.2.2 and Equation 1.2.3), resulting in
the same injected charge distribution and electric field distribution given in Equation 1.2.6 and
Equation 1.2.7. Recognizing that n,; = no when z = z;, we can substitute these values into
Equation 1.2.6 to find an expressionfor 1 :

eJ

= — 1.2.15
2q2n02ﬂn ( )

z1
From this expression, we can see that x; increases linearly with .J. We can use Equation 1.2.15
tosolvefor J.,, sincex; = L when J = J,.
2 2, 2 nL
Jop = L0 M0 (12.16)
€
For J > J.., Region | fills the entire bar, and the current is given by the Mott—Gurney Law
(Equation 1.2.5).
To find the current—voltage relationship when J < J,., we begin by noting that the electric
field in each of the two regionsis given by:

27 1/2
Er(z) = — [J] z'/? r<mx (1.2.17)

Copyright (© 2004 by Ilan Ben-Yaacov and Umesh K. Mishra
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Err(z) = Er(x1) T > 1 (1.2.18)

We can then integrate the electric field over thelength of the bar to find thetotal voltage supported
in the bar.

vV = —/OLE(x)dx——/O(T/1 El(x)dx—/LEl(xl)dx

Z1

2/ 27\? 2.7\ V/?
B ( > %% + <—> 12 [L - 1] (1.2.19)
3 \ €llp (77%

Substituting the value for z; obtained in Equation 1.2.15 and rearranging terms, we are left with
the following expression for J when J < J,.:

- émﬁ = qno,un% (1.2.20)
This solution, which is plotted in Figure 1.3, reduces to Ohm'’s Law for very small values of .J.
We can see that for J < J,,., the solution given by the Regional Approximation is closer to the
exact solution than that obtained by our simplified approach.
Thevoltage at which J = J,., which we will call V.., can be found by substituting the value
of J.,. from Equation 1.2.16 into Equation 1.2.20 and solving for V. V., isthen given by:

4 L?
V;r - 3 o
3 €

Thevaluecalculated for V... only differsfrom V. (Equation 1.2.1) by afactor of 4/3. Thisfurther
verifies our assertion that the transition between ohmic transport and SCL transport occurs when
the injected charge is approximately equal to the thermal charge in the material. V., and V, are
both plotted on the diagram in Figure 1.3.

(1.2.21)

1.3 SCL Transport With Trapsin the Material

The magnitude and nature of the current flow changes markedly when the situation is one
in which a dominant trap or set of traps exists in the material. In this case, the equilibrium
concentration of mobile carriers is greatly reduced, since many of the electrons in the system
now occupy trap states. Additionally, when an external bias is applied, not all of the electrons
injected into the material are mobile. While some of the injected electrons occupy states in the
conduction band, many of them fill empty trap states and therefore do not contribute to current
flow. However, all injected electrons, whether mobile or trapped, contribute to the voltage drop
in the material. This is a generalization of the case discussed in Equation 1.2.2 and Equation
1.2.3, where al the negative charge was constituted of mobile electrons. Both "types’ of charge
carry equal weight asfar as Gauss's Law is concerned, so both contributeto the potential dropped
across the film. However, only the injected free carriers contribute to the current. In a nutshell,

Copyright (© 2004 by Ilan Ben-Yaacov and Umesh K. Mishra



10 CHAPTER 1. UNIPOLAR SPACE CHARGE LIMITED TRANSPORT

(a) (b)

Figure 1.5: Equilibrium band diagram for (a) a materia with a shallow donor (Er < E,)
compensated by an acceptor, and (b) a material with a deep donor (E' » > E;) compensated by
an acceptor.

understanding the 7V characteristics of afilm containing traps boils down to determining the
ratio of injected free carriersto injected trapped carriers and their distribution at a given current.

Assume the case we are concerned with, namely an electron injecting contact (the cathode)
and an electron capturing contact (the anode) sandwiching afilm of interest that containsa much
lower equilibrium electron concentration. As in the previous section, we continue to ignore the
effects of the contacts, and we still assumethat all currentsin the system are purely drift currents.
Again, we follow the phenomenological analysis offered by Lampert and Mark [1] in order to
understand the behavior in the simple case of mobility—dominated transport. The two specific
cases that we will consider are those of:

1. A materia with a shallow donor which is compensated by an acceptor, and
2. A material with a deep donor which is compensated by an acceptor.

We define a shallow donor as one where the Fermi Level E'r is below the trap level at equi-
librium, and the injection level is low enough that this remains the situation under bias. A deep
donor istaken to be onein which the Fermi Level is approximately equal to or slightly abovethe
trap level at equilibrium, i.e. pinned by the trap. Equilibrium band diagrams for both of these
cases are given in Figure 1.5.

Prior to analyzing this problem, it is important to understand the charge in the system, which
isillustrated for the shallow donor case in Figure 1.6 and for the deep donor case in Figure 1.8.
For both cases, when the system is in equilibrium, electrons are provided by a donor of density
Ny, compensated by an acceptor of density NV, giving rise to a small mobile charge density
ng. We assume that the acceptor states are fully occupied, and that the number of donor states
occupied by electrons when the system isin equilibriumisgivenby n 4 = Ny — N (%. Charge
neutrality at equilibrium requires that the number of ionized donors N (% = ng + N,. When
a current is passed through the system, both the mobile charge and trapped charge densities
increase. The total injected space—chargeis the sum of the injected free charge and the injected
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trapped charge, or 1y, (x) = ny.in;(x) + nein;(x). The total mobile charge is then given by
n(x) = no + nyn;(x), and the total number of donor states which are occupied by electronsis
givenby ng(x) = ndo + nt,inj ().

1.3.1 The Shallow Donor Case

0
N
0
________________ o]
NLI
0
Ny
0

(b)

Figure 1.6: The shallow donor case. (a) Charge concentration and band diagram of the system
at equilibrium. (b) Charge concentration and band diagram when the injected mobile charge
nyrinj = Mo. Theinjected trapped charge is equal in magnitude to the change in density of
ionized donors, or 1 i,; = —AN;r = nyn;/0. Thetota space-chargein the system n;,,; =
Nfing T Nt,ing-

The charge concentration and band diagram for this case are shown schematically in Fig-
ure 1.6. A donor trap of density N, cm at an energy level E, is partially compensated by an
acceptor of density N, at an energy £, giving rise to the diagrams in Figure 1.6(a) when the
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system isin thermal equilibrium. When an external bias is applied, charge is injected into the
system, which is accompanied by arise in the electron QFL, asillustrated in Figure 1.6(b). The
governing equations for this situation are presented bel ow.

ng = Noe~(Fe—Er)/kT (1.3.2)
n(z) = Nee~lFe=Bra(@l/kT (132)
nao = Nae™ (Fe=Fr)/RT (1.3.3)
ng(x) = Nge~[Ba=Ern(@)]/kT (1.3.9)
nyinj(z) = n(x) —no (1.35)
Nt,ing (T) = na(z) — nao (1.3.6)

Here E is the equilibrium fermi level, E'p,,(x) is the electron QFL under injection, and £
is the trap energy. Because of the non—uniform charge distribution within the material under
injection, the electron QFL isafunction of position x. Following Lampert and Mark [1], we can
defineafactor @ = n(x)/nq(x) whichisreadily seen from Equation 1.3.2 and Equation 1.3.4 to
be

n(z) _ & —(BEc—Eq)/kT

na(@) ~ N e (2.3.7)
We can see that 6 is independent of position = and remains constant under all bias conditions.
Thisgivestheinteresting result that regardless of thelevel of injection, theratio of mobile charge
to trapped charge at every point = within the material remains constant, or

_ TL((E) o no o nf,zn(x)
0= na(@) Py 7nt’m;(x) (2.3.8)

To obtain the current—voltagerel ationship with a shallow dominant donor, we must again solve
the Current Continuity and Poisson’s Equations subject to the appropriate boundary conditions.
For low level injection, we still expect ohmic behavior. When the injection level is high, such
that the injected mobile chargen ¢ ;,; > no, the equations needed to be solved are:

J = qn(z)pE(x) ~ qnyin, () pE(x) (2.3.9)
dx € €
The solution to these equations results in the following current—voltage characteristics:
0 &

It is instructive to examine this solution in the limits where 6 >> 1 and § << 1. When
0 >> 1, 0r ng >> ngo, Equation 1.3.11 reduces to Equation 1.2.5, the trap—free limit. Since
in this case ny in;(x) >> n¢nj(z), the traps do not have a significant qualitative impact on
the current—voltage characteristics. Only the magnitude of the current changes as a result of the
reduction in ng dueto the pressence of the compensating acceptor.
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Figure 1.7: Normalized current—voltage characteristics for the shallow trap case with 6 = 1/10.

When 6 << 1, or ng << ngo and ny n;(x) << n¢inj(z), then the current—voltage charac-
teristics are dominated by the trap. In this case, Equation 1.3.11 becomes

J=0- (9/8)eu‘£—§ (1.3.12)

or the current is suppressed from the trap—free case by afactor of 6. Furthermore the cross—over
voltage, V), can also be derived to be increased from the trap—free voltage, V,,, to V] = V. /6.
Thisresult is shown in Figure 1.7 and demonstrates the effectiveness of a material with trapsfor
isolation purposes, or as a means of suppressing currents at larger voltages.

In calculating the cross—over voltage V., we have continued with our assertion that the tran-
sition between ohmic transport and SCL transport occurs approximately when the injected free
charge is equal in magnitude to the thermal charge, or 7 ¢ ;,; = no. Here ny;,; is taken to
be the average value of the injected free space—charge. This treatment is consistent with the
expressions used in Equation 1.3.9 and Equation 1.3.10 for calculating the current characteris-
tics. At the cross—over voltage V/, n = 2n,, and the change in the electron QFL AE r,, can
be obtained by taking the ratio of Equation 1.3.2 and Equation 1.3.1. The resulting equation,
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2 = e(Ern—Er)/kt — oAErn/kt givesthe useful relationship that to double the electron density,
the quasi fermi level hasto rise by £T'In(2) or ~ 0.7kT.

We conclude this section with a discussion of our parameter . We saw that when 6 >> 1,
the presence of the donor trap has very little impact on the current—voltage characteristics. From
Equation 1.3.7, we can see that in order for 6 >> 1 and for Er < Ejy, it is necessary that
Ny << N¢ and that the donor be shallow (i.e. E« — E; < kT). The conditions required for
0 << 1 arenot quite as simple. From Equation 1.3.7, it is clear that 6 << 1 when N; > N¢.
However, when this condition is met, if there is no compensating acceptor, then the Fermi Level
Er > E4, and so the assumption of a shallow donor is no longer valid. In order for the Fermi
Level to be below the donor level, it is necessary that a significant number of electronsin the
system be compensated by acceptor states. The number of acceptors N, required to ensure that
Eq— Ep > kT for dl voltages V' < Vm/ is given by the following equation:

1 N¢ (EC Ed)
> _ )= v R
Ny 2 Ng (1 Qe) 96 <P { A ] (2.3.13)

The derivation of this equation is |eft to the reader in Problem 1.2. In short, in order to achieve
the conditions that lead to the current—voltage characteristics of Figure 1.7, it is necessary that
the system be heavily doped with shallow donors (N, > N¢) and be heavily compensated with
acceptors.

1.3.2 TheDeep Donor Case

To describe the deep donor case, we begin with a qualitative explanation which is then fol-
lowed by a more rigorous analysis in which the Method of Regional Approximation is again
utilized. In our qualitative explanation, we do not account for the non—uniform charge distri-
bution across the material. Instead, we generally assume that the charge density is everywhere
equal to its average value. While this treatment is physically inaccurate, it provides significant
physical insight into the problem, and the result it producesis qualitatively correct. The charge
distribution across the bar is later accounted for when the Regional Approximation is applied.

The charge concentration and band diagram for the deep donor case are illustrated qualita-
tively in Figure 1.8. A deep donor trap of density Ny cm~3 at an energy level E, is partialy
compensated by an acceptor of density NV, at an energy E,, giving rise to the diagramsin Fig-
ure 1.8(a) when the system is in thermal equilibrium. Charge neutrality at equilibrium requires
that N;lg = ng + N,. Thefact that the Fermi Level is higher than the donor level implies that
less than half of the donor states are ionized. Additionally, of the donorsthat are ionized at equi-
librium, only a fraction of the electrons end up in the conduction band; many of the electrons
instead fill acceptor states. As aresult, when the system isin equilibrium, nq is very small, and
the number of empty donor states is much larger than the number of electronsin the conduction
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band, or N (j[) >> ng. The governing equations for the deep donor case are as follows:

ng = Nge (FeBr)/KT (1.3.14)

n(x) = Nge [Ee=Een@I/KT — {eAEF"(’C)/k’T} (1.3.15)
Ni = Ne Br-Po/kT _ 04 N, (1.3.16)
N;'(x) = Nye [Brn(@)=Eal/kT _ N;E) [Q*AEF”(I)/kT} (1.3.17)
ngini(x) = n(z) —no (1.3.18)
Nenj(x) = Nj—Nf=Nj [1 - e*AEFn@)/kT} (1.3.19)

It isuseful to define afactor A as the ratio between Njo and ng

+
A= Nao =1+ N (2.3.20)
no no

where Equation 1.3.16 has been applied. It can be seen that A ! is the fraction of ionized donor
electrons which end up in the conduction band. Notethat A islargely determined by the density
of acceptor states N,,. In the absence of any acceptors, A = 1. When a compensating acceptor
ispresent, A can bevery large, sincetypically N, >> ny. However, in order for our analysisto
bevdid, N, < N4/2,sinceotherwise E < E,4. Intheremainder of our discussion, we assume
that A >> 1.

When abiasis applied, chargeisinjected into the bar, and so the concentration of both mobile
charge and trapped charge increases. The current flow in the system remains ohmic approx-
imately until the injected mobile charge density n f;,; = no. This we recognize causes the
Fermi Level to move upward by 0.7kT. Thisresultsin all the donor states that were empty at
equilibrium IV, to be filled. Thus the total injected trapped charge will be n; ;,; = N, and
the average space—chargein the material isgivenby n,; = n¢ inj +nys.in; = Njy +no ~ N,
where the condition that N, >> ng has been applied. The resulting charge distribution in the
system is shown in Figure 1.8(b). The voltage supported by this charge, called the trap-filled
limit voltage, is given by

VipL = (1.3.21)

2¢ € 2

Notice that the trapfilled limit voltage Vyr, = (A/2)V,.. In other words, for the deep donor
case, the voltage at which ohmic conduction ceases is larger than that of the trap—free case by a
factor A/2.

When the voltageis increased above Vi, al injected chargeis mobile charge (since al the
trapsarefull), and so the current rises at amuch higher rate, which can be mistakenly interpreted
as breakdown. This rise continues until the injected free charge n ¢ ;,; ~ N, which is the
conditionillustated in Figure 1.8(c). The voltage supported across the material when this occurs,
whichwewill call V7., , is approximately given by

qN i, L? ~ qnoL? (é)

~

, gN i, L?
VTFL — f

=2 - VrrL (1.3.22)

Copyright (© 2004 by Ilan Ben-Yaacov and Umesh K. Mishra



16 CHAPTER 1. UNIPOLAR SPACE CHARGE LIMITED TRANSPORT

(©)

Figure 1.8: The deep donor case. (@) Charge concentration and band diagram of the system
at equilibrium. (b) Charge concentration and band diagram when the injected mobile charge
ntinj = no. When the Fermi Level rises by 0.7k7, al of the donor states are filled, so the
injected trapped charge n¢ in; = N(j{). The total space—charge in the system n,; = nyin; +
Neinj = no+ N, = N . (c) Charge concentration and band diagram when the injected mobile
chargeis greater than the injected trapped charge, or n i, > N, ;[).
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Figure 1.9: Normalized current—voltage characteristics for the deep trap case with A = 102.

Onceny in; > N(;B, or equivaently V' > V., , the injected space-charge in the material is
predominantly mobile electrons. Hence, the injected trapped charge in the system is now less
than the injected mobile charge and can therefore be neglected. The governing eguations for
these conditions are identical to those of the trap—free case (Equation 1.2.2 and Equation 1.2.3),
so the current therefore follows the trap—free Mott—Gurney curve.

Theresults obtained for the deep donor case are shown in Figure 1.9. For small applied biases,
the current obeys Ohm’'s Law. Once the voltage exceeds the trapfilled limit voltage V1., the
current rises rapidly. This rise continues until the voltage V' = V[, a which point the curve
meets the trap—free SCL curve. For voltages exceeding V., . the current follows the Mott—
Gurney curve. By comparing our results with the exact numerical solution, whichis also plotted
in Figure 1.9, we can see that our relatively simplistic approach yields a remarkably accurate
solution.

In order to gain amore thorough understanding of the deep donor case, and for amore accurate
treatment of the non—uniform charge distribution within the material, we now apply the Method
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Figure 1.10: Schematic diagram of the injected charge distribution for the deep donor case at
relatively low level injection.

of Regiona Approximation. Consider the schematic diagram of the charge distribution within
the bar illustrated in Figure 1.10. In this case, we split the bar up into three distinct regions
whose boundaries are defined by the points 21 and x5. 1 is defined as the point at which the
injected mobile charge n,i,; = N, and 2 is defined as the point at which n,; = no.
Note that a x2, since ny;,; = no, the electron QFL has risen 0.7k7" above its equilibrium
value, and so by applying Equation 1.3.19, we find the injected trapped charge at this point to be
Ny inj(T2) = N%/Z Theregioninwhich 0 < z < x; isreferred to as Region |, the regionin
which z; < z < x4 isreferred to as Region |1, and theregion inwhich zo < z < L isreferred
to as Region I11.

In Region I, the injected mobile charge n s ;,,; is much larger than either the thermal charge
ng or theinjected trapped charge n ;,,5, and so the total mobile charge and space—chargein this
region are both assumed to be n s ;,;. The equations governing current flow in this region are
therefore

J = qnginj(2)pn E(z) (1.3.23)

dB(z) _ —angini(®) (1.3.24)

dx €
The conditionsfor Region | are the same asthose for trap—free SCL transport, and so the solution
to the governing equations in this region is just the Mott—-Gurney Law (Equation 1.2.5). Also
from Equation 1.3.23 and Equation 1.3.24, the injected mobile charge density and electric field

distribution in Region | at acurrent .J are given by:

1/2
nfini (2) = _eJ ! —1/2 1.3.25
pans(@) = g | @ (13.25)
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1/2
Ba) = {QJ } 212 (1.3.26)
E€ln,

In Region 11, the injected space—chargeis predominantly trapped charge. n ¢ ;,; IS very close
to N dt) everywhere, so we assume that the space—charge throughout this regionis equal to N ;;.
However, n ¢ ;. isstill larger than ny everywhere, so we assume the mobile charge density to be

n.inj. 1heequations needed to be satisfied in thisregion are

J = qny inj(2)un E(2) (2.3.27)

dE(z) _ —qN,
de €
Region Il correspondsto the trap—filled limit.
In Region 11, the injected space—charge is small and is taken to be zero, and the mobile
charge density is assumed to be ng, since in thisregion n ;,; < ng. The Current Continuity
and Poisson’s Equationsin this region are given by

(1.3.28)

J = qnopn E(x) (1.3.29)
dE(z) _, (1.3.30)
dx

The solution to these equationsis given by Ohm’s Law, or J = gnou,V/ L.

As before, 21 and zo will both be functions of the current J. As J increases, the injected
mobile charge n ¢ ;,,; increases everywhere, and so x; and x both move closer to L. At low
level injection, 1 and x5 are both very small, so Region 11 fills most of the bar, and the current—
voltage characteristics are very closeto Ohm’'sLaw. AsJ increases, 1 and o movecloser to L,
until at some critical current .J,. 1, x2 = L. Thevoltageat which J = J,,.; will bereferredto as
Ver1. WhenV = V., 1, Region I fills most of the bar, and the current rises sharply with voltage.
If the current is raised even farther, eventually a second critical current J ., » will be reached at
which z; = L. The voltage corresponding to .J, o istermed V., ». Above J., >, Region | fills
the entire bar, and the current follows the Mott—Gurney curve.

To find J., 2 and J., 1, we solve for z; and x5 in terms of J and then find the values of J
correspondingto 1 = L and x5 = L. Recalling that z = x; is defined as the point at which
ny.inj = N, we can substitute these values into Equation 1.3.25 to find an expression for x 1:

eJ eJ

= = (1.3.32)
2¢2(N3) 242670070
Inserting this value into Equation 1.3.26, the electric field at x| is given by:
J 1/2 eJ 1/2 J
Ep(z1) = — = 1.3.32
1(331) [86/%} {QAQL]QTLOQMJ 4 Aqnopin ( )
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Solving for x5 interms of J is abit more complicated. We begin by solving Equation 1.3.28
to find an expression for the electric field in Region Il as a function of x:
N+
En(z) = - Loy (1.3.33)
€
C'issolved for by setting E;;(x1) = Er(x1). Using the expressionsin Equation 1.3.31, Equa-
tion 1.3.32 and Equation 1.3.33,
J
~ 2Aqgnopin
We can then combine Equation 1.3.27, Equation 1.3.33, and Equation 1.3.34 into the following
expression:

(1.3.34)

qAng - J B J

2Aqnottn QM f ing ()
Recalling that ns ;,; = no when z = x2 and inserting these expressions into Equation 1.3.35,
we can establish arelationship between x5 and J

—E]] (.13) = (1335)

qAnoaj _J B J
e 77 qnopn  2Aqnopn
eJ 1 eJ
=" |1-—|~— 1.3.36
2 A¢?no? [ QA} Aq?no? iy, ( )

where our assumption that A is very large has been applied.

Now that we have solved for zz; and x5 interms of .J, we are able to write expressions for our
critical currents J,; and J., ». From Equation 1.3.36 with zo = L and Equation 1.3.31 with
z1 = L, wefind

A 2, 2 , L
Jopy = N0 HnZ (1.3.37)

€

24242 n02 i, L
Jopg = L0 HnZ (1.3.38)

€
Itis also useful to examine theratio of x 1 to z5. From Equation 1.3.31 and Equation 1.3.36:

X1 1

v 24 <<1 (2.3.39)
From this relationship, we can see that when o = L, 21 = L/2A << L. What this means
isthat when zo = L, z; is very small, and so Region Il covers aimost the entire bar. As an
example, when A = 100, Region I covers 99.5% of the bar when J = J ., 1.

The most direct way to calculate the voltage supported across the bar for a given set of in-
jection conditionsiis to integrate over the electric field within the bar. To determine the critical
voltage V,, 1, we perform this integral with x5, = L, and to determine V., 2, we perform this
integral with x; = L. When x5, = L, Region |l covers most of the bar, so the space—charge
everywhereis equa to N;{), giving riseto an electric field

Aqng

E(x)=— x xo =1L (1.3.40)

€
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everywherewithin the bar. When 2, = L, Region | coversthe entire bar, and so the electric field
everywhere within the bar is given by

_24qneL'? L1/2

E(x) = ;

a1 =1L (1.3.41)

Integrating each of these fields over the length of the bar, we find:

A L AqnoL?
Vg = 210 / ede = 2400 (1.3.42)
€ 0 2e
2AqnoLY/? [T 4 AqnoL>
Vg = ZA00L [ prr2gy = 2A00L (1343
€ 0 €

We can see that the critical voltages calculated using the regional approximation agree very
closely with those cal culated using our more basic analysis. Infact V., ; is exactly equal to the
trap-filled limit voltage Vrrr,, and V., » only differsfrom V7., by afactor of 4/3.

Finally, we draw our attention to the steep rise in the current that occurs when al of the deep
donor traps are filled. To estimate the rise in current, we examine the ratios V., 2 /V.,1 and
J(:T,Q/J(:T,l:

chr 2 8

== — 1.3.44
chr,l 3 ( )
Jor2 _ 9y (1.3.45)
Jcr,l

We can see that when the voltage is increased from V., ; to V,,. 2, corresponding to a factor of
8/3 increase in the voltage, the current increases by afactor 2A. Thisresult, which is depicted by
thelinelabelled’ TRAP—FILLED LIMIT’ in Figure 1.9, shows why we see such a steep increase
in the current once the voltage V' exceeds V., ;.
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