IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 47, NO. 4, APRIL 1999 471

Continuum Modeling of the Dynamics of Externally
Injection-Locked Coupled Oscillator Arrays

Ronald J. Pogorzelskkellow, IEEE, Paolo F. Maccarini, and Robert A. Yorkjember, IEEE

Abstract—Mutually injection-locked arrays of electronic oscil- Radiating Elements
lators provide a novel means of controlling the aperture phase
of a phased-array antenna, thus achieving the advantages of .es see ase Oscillators
spatial power combining while retaining the ability to steer the
1 2 3 P N

radiated beam. In a number of design concepts, one or more ofthe ~ -N

oscillators are injection locked to a signal from an external master Injection
oscillator. The behavior of such a system has been analyzed by Signal
numerical solution of a system of nonlinear differential equations
which, due to its complexity, yields limited insight into the

relationship between the injection signals and the aperture phase.
In this paper, we develop a continuum model, which results in
a single partial differential equation for the aperture phase as a gcheme of Liao and York using a continuum formulation
function of time. Solution of the equation is effected by means involving a single partial differential equation for the aperture

of the Laplace transformation and yields detailed information . -
concerning the dynamics of the array under the influence of the Phase. That work shows that, in steady state, the behavior

Fig. 1. A coupled oscillator array with thgth oscillator locked to an
externally derived signal.

external injection signals. is governed by Poisson’s equation of electrostatics in which
Index Terms—Beam steering, coupled oscillators, injection the phase plays the role of th? electrostatic potentla! and the
locked, phased array. detuning plays the role of electric charge density. In this paper,

we develop a similar formalism for description of the behavior
of such arrays in the presence of externally derived injection
signals [6] and, thus, provide analytical tools appropriate to the
MUTUALLY coupled array of electronic oscillators candescription of systems such as that proposed by Stephan [2].
be made to oscillate in a mutually synchronized mode, The array to be studied is illustrated schematically in Fig. 1,
in which the relative phases of the oscillators form a welk one-dimensional array wherein thi oscillator is externally
defined distribution useful in terms of exciting an array dhjection locked. As mentioned above, the behavior of such
radiating elements to achieve spatial power combining, beafrays of oscillators has been described in detail using a
formation, and steering of the radiated beam. Two methodgupled set of nonlinear differential equations [3], [4]. These
of achieving this have been suggested. Having demonstragsfiations are derived by first describing the behavior of an
that the ensemble of oscillators would oscillate at the averaigéividual oscillator with injection locking in the manner of
of the free-running (tuning) frequencies of the oscillatorédler [7] and then allowing the injection signals to be provided
Liao and York [1] showed that antisymmetrical detuning they the neighboring oscillators in the array. This formulation,
oscillators at the ends of a linear array (or on the perimeterwhen applied to the array shown in Fig. 1, results in the
a two-dimensional array) results in a linear phase progressigoupled set
across the array, which could be exploited to steer the beam N
without the use of phase shifters. Altern_at_ivel_y, Stephan [ﬁ = Wiune,i — Z Awloek, ij sin(®;; + 6; — 6;)
proposed and demonstrated externally injection locking thét
end oscillators with signals phase shifted with respect to e o a
each other to achieve a similar linear phase progression Sip Atock,pyinj S0 — bini) (1)
using only a single phase shifter. Such systems have, fi# : = —-N, -N +1,---,0,1,2,--- N. ®,; is the phase of
the past, been analyzed by numerical solution of a systehe injection signal from oscillatoj evaluated at oscillator,
of nonlinear differential equations describing the oscillatahe coupling phase, angd;d; is the amplitude of this signal
coupling [2]-[4]. Pogorzelskiet al. [5] have analyzed the while the interoscillator locking range is defined by
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the sth oscillator, i.e., cells with an oscillator at the center of each unit cell leading
g — to the range ofr noted above.
i = Wrert + i (3) Now, let the injection signal be representedibyz) din;(7),

wherew,.; is the reference frequency for defining the phaéghere the time dependence of the injection signal phase is

of each oscillator. Applying this to a one-dimensional arra§/Ven by ¢i; and the spatial distribution of the injection
and following [3], we assume only nearest neighbor coupling!9nals is given by In the case of (7),

zero coupling phase, and that all of the interoscillator locking AWlock, p, inj

ranges are identical. This leads to Viz) = T Awra 6(z — p) (8)

do; iy . where we have replaced the Kronecker delta with the Dirac

gr  Ytumei T Awlock Z sin(f; —0;) = bipAwrock, p,inj  delta, Here, again, for analytical convenience, as was done in
37;;1 [5], the Dirac delta is used instead of a pulse one unit cell

sin(d, — 6 (4) wide. Equation (7) then becomes
. . . . . ? d¢ Wiune — Wref
which describes a one-dimensional array with one externally — —V(z)¢p— -~ = ———————V(z)pins(1).  (9)
derived injection signal. If additional signals are injected at “* or Allock
other oscillators, one merely appends additional terms to tRete that the driving function is the distribution of the oscilla-
right-hand side, with corresponding Kroneker delta functioner free-running (tuning) frequencies relative to the reference
denoting the locations of the corresponding oscillators.  frequency, plus the injection signals. This equation forms the
In this paper, we focus on development of a correspondib@sis of the remainder of the analysis presented here.
continuum formulation in which the phase is described by
a continuous function passing through, at each oscillator,a2 The Infinite-Length Array
value equal to the phase of that oscillator and governed by aC id ; hich — . i
single partial differential equation. By solving this equation -ONSIJEr Now an array for whigh= oo, 1.€., a finear array
we exhibit the dynamic behavior of linear coupled oscillato(?f infinite length. Let all .Of the oscillators be tt_med to the
arrays under external injection locking. same frequencyyy. Now, inject an externa!ly derlve(_j signal
of frequencywy + ChAwieau(7), Wherew is the unit step
function, into the oscillator at = . Thus, prior tot = 0,
all the oscillators will be in phase. Subsequent te: 0, the
Following [5], assuming that the interoscillator phase difeehavior of the oscillators will be given by the solution to the
ferences are small, we approximate the sine function by partial differential equation
argument, thus obtaining

II. DERIVATION OF THE CONTINUUM MODEL

> ¢
— = Wtune, i — AWlock Z (91 - 9}) .
dt Pl wherew,.; has been chosen to hg. We begin by Laplace
i transformation with respect te. The transformed equation
=Wiune,i — Awiock(#; — Oiy1 +6; — 6;_1) takes the form
- 61 A oc inj 6, — ein' 5 aQF C
pAtock, p,in (B = Oini) ®) Sz~ Cow —0F —sF === Coe—0).  (11)
which, using (3), can be rewritten in the form v 5
A Now, by defining,
L= Wtune, i — Wrefl + A(*‘)lock((f)i-l—l - 2¢z + d)i—l) . C,
dt F=p_22 (12)
_6ipAwlock,p, inj((/)p - (/)inj) (6) 32

for i = —N,—N 4+ 1,---,0,1,2,---,N. At this point, we ©N€ obtains
note that the quantity in the first pair of parentheses is merely 92F . . Oy
a finite-difference approximation for the second derivative o2 Co(x —b)F — s = 5 (13)
of the phase with respect to a spatial variahie which ) ) ) o
corresponds to the indexat integer values. Thus, (6) can nowf® Particular integral of this equation is
be easily recognized as the finite-difference approximation . C

- o : : By =-22 14
corresponding to the partial differential equation PT T2 (14)
P 0P Wiume = Wrer Awiock, p, inj ($—dim) (7) for x # b. We postulate a solution of the homogeneous

1)

el Sip

ox2 Or AWioek AWiock equation of the form

for —a—1/2 < x < a+1/2 where¢(x, 7) is the phase across By, = CreVole=tl, (15)

the array and the unitless timeis the timet multiplied by

the locking rangeAw.x. The pointsz = +a correspond to The unknown constanf’; can be determined by imposing
the index valueg = +/N. The array extends ov&N + 1 unit on the sum of the homogeneous and particular solutions the
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appropriate slope discontinuity at= b, i.e.,

L jo=bT %
dF . £
% - F(b) (16) é )
r=b— =
g
which implies that ;sq
CoC .
Cl=5F—= 17
LT 2@y +0) (A7)

so that the solution of (11) with (12) becomes
Fig. 2. Frequencies of the oscillators in an infinite linear array under external

F( ) . Cy C e—ﬁlw—bl | (18) injection locking of one oscillator (at = 0) with a step frequency change.
2ys+C

This is the Laplace transform of the phase distribution over
the infinite array. The corresponding frequency distribution is
given by

52

Vs = SOl _C vl _ }
W()_s[2\/§+c 1. (9

Defining

Phase [Degrees]

oz, 7) =w(z, ) — Coulr) = % — Cou(r) (20) R

the inverse Laplace transform of (19) is

—b 2
Oz, 7) = Cy [erfc<|a;ﬁ|> — Cle=bl/2,C0r/4
wlc VT |z =) 1 21 follow at later times as would be expected. Integrating this fre-
rerte{ O+ ot ) (21)  quency function with respect to time yields the phase function,
shown in Fig. 3, where the definition éfsuppresses the linear

For each fixed value of, this function begins at a valu_e oftime dependence arising from the frequency transition.
—Cp whent = 0 and evolves smoothly and monotonically

toward a final value of zero at infinite. This transition from .
the reference frequency to the injection frequency occurs fil%t The Finite-Length Array
for = values near zero and later for oscillators more distantConsider now an array extending froan to o in z, thus
from the center of the array. This is, of course, to be expectBaving2a + 1 oscillators. To derive the dynamic behavior of
since the effect of the sudden switch in injection signdhe phase in such an array with the element at b exter-
frequency would be expected to diffuse from the injectionally injection locked, we must effectively add homogeneous
point outward in both directions along the array. The diffusiogolutions of (11) and (13) to the particular integral (18) so
rate is governed by the ratio efto ¢, i.e., the interoscillator as to simultaneously satisfy both the boundary conditions at
locking range. The phase behavior of the array can be obtairiBé ends of the array and the slope discontinuity condition
as the time integral of this function. Interestingly, however, th@ = = b. It was shown in [5] that the boundary conditions
resulting function approaches infinity for infinite indicating at the array ends = a + 1/2 andz = —a — 1/2 are the
that the phase never reaches a steady-state value, as gtassical Neumann conditions independent of time. Following
the frequency. Rather, it continues to evolve for all timghe prescription suggested above, we postulate a solution of
Specifically, for late times, the frequency differs from thée form
injection frequency as one over the square root of the time, _ C
which implies that the phase, which is its time integral, differs F(z, s) = C,e * 7V 4 Cpe™aVo 4 Cpe™® - 2. (22)
from the injection phase as the square root of time which, of s
course, approaches infinity for infinite time. One can then determine the unknown const&ntsCg, and
Fig. 2 shows the result of a numerical evaluation of (2X); by imposing Neumann boundary conditions at the array
with Cy = 1. This graph indicates that the center oscillatoends together with the appropriate slope discontinuity atb.
approaches the injection frequency most rapidly and the othéote thatC), will not be the same a8 derived for the infinite

Fig. 3. Phases of the oscillators of Fig. 2.

o, 5) = Co C COSh[\/§(2CL +1—1]b— a:|)} + C cosh [\/E(b + a:)} e
52 2y/s sinh [\/5(2a + 1)} + C cosh [\/§(2b)} + C cosh [\/§(2a + 1)} 52

(23)
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array.) The resulting solution, using (12), is shown in (23), at 60 ¢ Laplac lanston Solaonof Cortnum Ml
the bottom of the previous page. 40 e
; . . T 20 Vi1,
Despite the presence qf’s, there is no branch cut in the 2 D /'

. i i g 20, Uil
s plz_:me becausd’(xz, s) is an even function _of\/E. Thus, S ggi ,
the inverse Laplace transform can be obtained as the sum 8 o ’ .
of the residues at the poles, all of which are located on &lgg E'/ 5’ 10
the negative real axis. Of course, some care must be taken '% 45 . ///0/;@6*
concerning the double pole at the origin, which gives rise to a R Loog, 20 e, 7506&\”‘
term linear in time. This term arises because of the transition I Rengegy O 10

in the ensemble frequency as it follows the injection signal ) o ] ) )
frequency, resuling in a steadly-state phase variation, whict{ &,  Ph2cex of e csciatrs i a near away of 23 osclatos o wiich
linear in time. Aside from the double pole at the origin, theequency at time zero.

pole closest to the origin determines the dominant transient
response time constant for the array. The location of this pole
can be estimated by approximate solution of the transcendental
equation obtained by setting the denominator of (23) equal to
zero. The result is

60 ¢ Runge-Kutta Solution of Discrete Model

z i
20 ////////%%

/ 7
%;/////5////////////////

B 20 4 7
v % 60 ¢ —
Omin X | ————+—— | . 24 £ 807 —~
(2(a+ o +1> (24) LE
20 .
That is, the response time is roughly proportional tosheare Time [,;“i 36 S5
of the number of elements in the array between the injection '40%,9 Ry 105

point and the farthest end.
The frequency is again obtained by multiplicationqy.e., Fig. 5. Oscillator phases for the array of Fig. 4 computed via the discrete
as shown in (25), at the bottom of this page. As in the infiniteodel.
array case, the inverse transform of this function approaches
zero at infinite time. However, unlike the infinite case, the
approach is exponential instead of+/r. Correspondingly,
aside from the linear time dependence, the phase approaches
a temporal constant at infinite time, but this temporal constant
depends on: parabolically. This can be seen by invoking the
final value theorem and noting that

hH(l){SF(.’L’, s)}

////’
////”// 7
M)
///5’,55/////’/5%7#7/,"/

Wl 7 >
i S
s
Y
:,;::', =

0057 7

Frequency [Lockng Ranges]

=1 — 4077 7 ' &
Jim {¢(x, 7) — Cor} ey, O e
CO 9 v, AOC/Wyg 10 10 e
=< (2 =) — (2a+ D)|b — z| — 5(2@—1—1)}. (26) Fanges)

. e L. _Fig. 6. Frequencies of the oscillators of Fig. 8.
Note that the discontinuity in phase slope across the injection

point is (2a + 1)Cyp. By integrating (9) across the injection
point, one finds that this discontinuity must be equalttmes frequency shift, which can be induced by a step change in

the phase difference between the injection signal and the outpig frequency injected at one oscillator of the array is limited,

of the injected oscillator, i.e., the one at= b. This phase . . . -
difference must be small for the present linearized theory ngtjust to the locking range, but to the locking range divided

; . . the number of oscillators in the array. Fig. 4 shows the
apply. In fact, recalling that this phase difference replaces t . : .
. . : . . . calculated phase variation, suppressing the linear dependence,
sine of this phase difference in the original nonlinear theor

we find that(2a + 1)Cy must be less tha€' to maintain phase idr and_examplze7 'g Whlcmbzl 10, l;] - f/zinljc S umtr)]/.
lock. Therefore, we arrive at the requirement that ccording to (27) Co must be less than - FIere, we choose

it to be 0.04. As a validation, the same case was computed
¢ 27) via Runge—Kutta solution [8] of the nonlinear discrete model

2a+1 equations and the result, shown in Fig. 5, is indistinguishable
to maintain phase lock in steady state. That is, as can bdem that of the continuum formulation. Fig. 6 shows the
noted using the nonlinear discrete model of York [3], theorresponding frequency variation.

Co <

Wi, 5) = Co C COSh[\/§(2CL +1—1|b— a:|)} +C COSh[\/E(b + a:)} G 25)

S | 2¢/s sinh [\/§(2a + 1)} + C cosh [\/3(2b)} + C cosh [\/3(2a + 1)} s




POGORZELSKIet al. MODELING OF DYNAMICS OF COUPLED OSCILLATOR ARRAYS 475

If the injection point is located at the center of the arrayional to the injection signal locking range rather than the

e., if b = 0, then (23) and (25) simplify to interoscillator locking range. Moreover, unlike in (24), there
. is no dependence on the number of oscillators in the array.
F(z, 5) Finally, we emphasize that the continuous functign, 7)
C cosh [\/§<a+1—|x|>} only has meaning at integer yalueSaof_Nhere it takes on the
@ 2 value of the phase of the oscillator of index= z. The above

2 development was carried out for an odd number of oscillators.

. 1 1
2+/s sinh [\/§<a+§>} +C cosh [\/5 <a+§>} If the number of oscillators is even, the theory as developed
Co can be applied by setting = M /2 where M is the number
- (28)  of oscillators. In that case, however, the solutig(, 7) only

2
* has meaning wher is a half-integer where it takes on the
and value of the phase of the oscillator indexed by that value. of
Wiz, s) 1 [ll. THE DYNAMICS OF BEAM STEERING
C cosh [\/§<a+ ——|x|>}
_ @ 2 A. Step Phase Shift
s 24/s sinh [ﬁ(a—i—%)} +C cosh [\/E <a+%)} Suppose now that two of the oscillators in the array are
injection locked to externally derived signals of the same
_ @. (29) frequency, but differing phase. Such an arrangement was
s proposed by Stephan as a means of steering the radiated beam

The behavior obtained if all of the oscillators are externalll]. Equation (9) then becomes
injection locked to the same signal can be determined by

returning to (9) and settingy = C. This results in 0? a
gt () y a‘f [Blé(a:—bl)—i—Bg (x—bQ)}/)——‘f)
2
7 Cp— _(7) _ _Wiune T Wref Coimi(7).  (30) = =B16(x — bi)pru(r) — Bad(x — b)pou(r) (37)
83:2 AWl()ck ’
Laplace transformation leads to where theB’s measure the strengths of the two injection
signals, theé's are their locations, and theés are their phases.
2F - Laplace transformation yields
2 (it = @1 P y
.’I’ S

- O’F
where F" is again given by (12). This equation has a solution; 5 — [315(9? —b1) + Bad(z — 52)}F — sk
of the form 9

= Bz — b)) 2 — Bos(x — b)) 2. (38)
~ S S
Fe, s) = CC +CpeVTF L0 eVEF . (32)
s(Cts) A solution of this equation is now postulated in the form
Applying the Neumann boundary conditions at the ends of the
array, we find thatr andC}, are both zero so that F(zx,s) = Cre l#=01lVe  Cyelo=belvs | peeve
z\/5
PG G G GG gy o 69
T2 s(C+s) s2 Cs C(C+s) i o
and the unknown constants are determined by application of
and the Neumann boundary conditions at the ends of the array and
C the slope discontinuities at the two injection points. That is,
Pz, 7) = Corulr) — ?0 (1—eu(r).  (34) letting 2h = 2a + 1, we have
Upon differentiation with respect to time, we find that —/sC eV L fsChe V) _ Cpe VI 4 O eV
=0
w(z, 7) = wo 4+ Co(1 — e~ “u(r 35
( ) 0 0( ) ( ) ( ) \/gcle_ﬁ(h—wl)+\/§CQC_\/E(M—Z)2) — CRG\/E}L—FCLG_\/E}L
which indicates that the frequency of all the oscillators simul- =0

taneously f—:volve.s from the initial valug, to the final value 2/5C, — B, |:Cl+026—\/§(b2—bl)+CRe—\/§b1+CL6\/§b1:|
wo + Cp with a time constant

o . __bBim
Awioek ~ Au; i (36) i _ _
oc in — 2/5C;— By Cre™Vi ) 4 Cy 4 Cpe ™V 4 Cpev™ |
where Awiy; is the locking range of the externally injected Bops

oscillator in the array. That is, the time constant is propor- s (40)
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Solving these equations simultaneously and substituting into a7

(39) yields the solution ,,';:;f/l,;;:lllll'/},;,lllll,,,
2 T AT N
_ S0y Uit
= S—A{ZBQpQ Cosh[\/E(Zh—|b2—a:|)} 8 ’ ,
. 7 Vi
+2Bapo COSh[\/E(b2+-T):| L ‘”llﬂlfil%% gj‘)
g0~ L) /0/@\°°a
+2B1p, COSh[\/§(2h—|b1—$|):| [/"V-Loc,(, LIRS
/”ggangesjo 10
+2B COSh|: s(b1+x }
th \/_( ' ) Fig. 7. Phases of the oscillators in a linear array of 21 oscillators in which
B1Bopsy I \/— h—1b the end oscillators are injection locked to externally derived signals out of
+T Sin s(2h—[by — ) phase by+60°.
Bi1Bap: . [ }
Vs sinb /(2= (b —by) b2 —2]) limit only applies if the phase is changed stepwise in time. If a
B1Bops . gradual phase shift is introduced, the final value is theoretically
— S22 sinblV/5(2b1 by — )] limited only to 90 ti i i
Vs y to 90 times the number of oscillators in the array
B Bop1 . less one.
VA 51nh[\/§((b2+ bi)— |b2—$|)} As an example of beam steering, we choose a case where a
B. B 21-oscillator array is injection locked at the ends with signals
+142pl sinh|/s(2h— by —z having equal amplitude and antisymmetric phase. That is,
75
S
BB
- 1\/31’2 smh[\/g(zh—(brbl)—|b1—x|)] Bi=By=1
S
bl =—h
B Bopy .
~7 smh[\/§(2b2—|b1—a}|)} by =h
B1Bopy p = — 60°
L sinh V/3((ba+01) b1 —2])] ¢ (4D) 5 = 60°. 44)
where The resulting dynamic behavior of the oscillator phases is
shown in Fig. 7. When this phase distribution is applied to
A=4/s sinh[\/§(2h)} +2B, Cosh[\/§(2b2)} a 21-element linear array of radiating elements separated by a
half-wavelength, the resulting steering angle is only about 0.6
+2B; COSh[\/g(Zbl)} +2(B2+B1) COSh[\/E(Zh)} beamwidths. Clearly, greater phase shift is needed. This will
BB, be addressed below.
+= {sinh[/5(2h)] —sinb]v/5(2b1)) +sink] V/5(20)]
S
—Sinh[\/§(2h—2(b2—b1))} } (42) B. Gradual Phase Shift

If wide angle scanning is desired, large phase shifts must

The inverse transform can again be found using resid & produced. This requires a gradual shift of the phase of

calculus. Here, again, the poles all lie on the negative retaf3 injected signals if lock is to be maintained. Such a case

. was presented by Stephan [2] and the present theory can
axis. . )
. ' . be used to reproduce his results as follows. The solution
Using _thg fm_al vglue theorem,_we find that the Steady'Sta[tgpresented by (41) and (42) corresponds to a step change
phase distribution is as shown in (43), at the bottom of thig" . se of the injection signals. By convolving this step
page, which, of course, is just the residue at the polea0.  nction with a Gaussian, the transition can be made gradual.
Note that there is no constraint corresponding to (27) heffe corresponding solution for the phase can be obtained by
because the injection signals have the same frequency asd§fvolving the step solution with the same Gaussian. Since,
array; they are merely shifted in phase. The phase shift mystthe time domain, the solution is expressed as a sum of
only be confined to less than 9@ maintain lock. This would exponentials, one need only convolve each exponential with
appear, at first glance, to be a serious drawback associated widgGaussian. This convolution can be written as multiplication
this beam-steering technique. However, as will be seen, thig an expression in terms of complementary error functions.

1
Baps + Bip1 + 53132 [(52 —b1)(p2 +p1) + (|br — x| — |b2 — 2[)(p2 — Pl)}

P(x, 00) = By + By + B1Ba(by — by) )
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Fig. 8. Phases of the oscillators in a linear array of five oscillators, in which ey
the end oscillators are injection locked to externally derived signals gradually ) . ) . . .
shifted out of phase to a maximum of 270 Fig. 9. Phases of the oscillators in a linear array of 21 oscillators in which

the end oscillators are injection locked to externally derived signals gradually
shifted out of phase to a maximum of 1200

Let the Gaussian be written in the form
g(r) = e, (45)

The convolution of this function with an exponential can then
be written in the form

Ape™ 7 % g(7)

il
T 2 "‘W" il ""'.‘4{"%#.
:/ A, e (T=1) g=a(p=m0) du ,'.“‘Vv" ‘ “"4.“”
0

" l

M}»m |

1
i

—

:

i
il

2 1 vz 2
= A,e 77 |:CU”T0 en/ ) _—_ ¢V dv| (46)
va Jy

o U1
where Angle [Degrees]
o . : o . .
v = — \/a(,ro + _n) Fig. 10. Far-zone radiation pattern corresponding to the array of Fig. 9.
20
o . . .
v =« [r - (7’0 + i)} (47) parameters, the phase difference between adjacent oscillators

_ ) never exceeds 90 thus, lock is maintained throughout the
In terms of the complementary error function defined as  transient period. When the outputs of these oscillators are

2 L, applied to a linear array of 21 radiating elements separated by
it = —— g 48
erfe(x) = S € ¢ (48) 4 half-wavelength, the resulting far field is shown in Fig. 10,
N which illustrates the utility of the Stephan scheme in scanning

this expression can be written in the form
Ane 7 % g(T)

2 1
_ — T —onTo 05/ (4a) _
Aye {e e N [erfc(vl) erfc(vg)} }

iges

the beam.

IV. CONCLUDING REMARKS

We have developed a continuum model describing the

(49) dynamics of arrays of coupled oscillators in which one or

more of the oscillators is injection locked to an externally
Thus, to obtain the solution for the gradual phase change, aigived signal. This formalism has been used to derive several
needs only multiply each of the exponentials in the resid@@havioral characteristics of such arrays. We have noted that,

series by the above function (which involves the pole locatiogccording to this theory, the frequency shift which can be
s = —0op). induced by a step change in the frequency injected at one

Stephan selected a five-element array and plotted the phgsegillator of the array is limited, not just to the locking range,

evolution of each oscillator as function of time when the erqght to the |ocking range divided by the number of oscillators in

oscillators were injection locked to two externally deriveghe array. This is consistent with the results of a full nonlinear

signals 270 out of phase with each other. These signals cajfiscrete model of the array [3]. We have further shown that
be simulated by choosing the Gaussian parameters to be the response time of the array is roughly proportional to the

70=60 =005 (50) Square of the number of oscillators, which can severely limit

the bandwidth of the array. This, however, can be mitigated

This results in the phase evolution shown in Fig. 8, which Iy injection locking several of the oscillators to the same
to be compared with [2, Fig. 12(a)]. externally derived signal. In fact, as might be expected, the

Generalizing this to a 21-element array, increasing thieory shows that if all of the oscillators are injection locked,
phase difference between the injection signals to 12@8d the ensemble has the response time of a single oscillator alone.
adjusting the Gaussian parameteito 0.01 yields the phase Finally, the theory was applied to the beam-steering scheme
distribution shown in Fig. 9. Note that, with this selection oproposed and experimentally demonstrated by Stephan, in
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which the end oscillators of a linear array are injection locked4]
to signals differing in phase. Our results confirm the published
results of Stephan [2].

[5]
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Letters

Corrections to “A Continuum Model of the Dynamics of ~ mation of (26) should be “1” instead of “0.” Finally, the trigonometric
Coupled Oscillator Arrays for Phase-Shifterless functions in the second summation of (26) should be sines instead of

Beam Scanning” cosines.

Ronald J. Pogorzelski, Paola F. Maccarini, and Robert A. York

In the above papérthe normalized:, eigenfunction in (17) should
not have the factor of/2 in the numerator. All the other,, andv,,  Corrections to “Continuum Modeling of the Dynamics of
eigenfunctions are correct as shown. This means that (23) should regkternally Injection-Locked Coupled Oscillator Arrays”

) oo cosh (T’\/q) cosh (r gn) Ronald J. Pogorzelski, Paola F. Maccarini, and Robert A. York
G(x, :'/: = Mn

(@, @5 9) ”; o0 (2a 4+ 1)(sn — )

s 2ginh (r’ﬁ) sinh (rﬁ) In the above papérequation (49) should read as follows:
— (20 4+ 1)(8m — ) A xg(T)
—OnT oo 02 @ 1 /

wherer;; = 2 fori # j and 1 fori = j. Similarly, thisy factor should = Ane” 7" {8 w70 e7n /(1 )ﬁ[el‘fc(m) - effC(V2)]} g
also replace the factor of “2” in the first summation of (24). Also the -
lower limit on the third summation in (25) and that in the first sum-

Manuscript received March 28, 2000. Manuscript received March 28, 2000.

R. J. Pogorzelski is with the Jet Propulsion Laboratory, California Institute of R. J. Pogorzelski is with the Jet Propulsion Laboratory, California Institute of
Technology, Pasadena, CA 91109 USA. Technology, Pasadena, CA 91109 USA.

P. F. Maccarini and R. A. York are with the Department of Electrical and P. F. Maccarini and R. A. York are with the Department of Electrical and
Computer Engineering, University of California at Santa Barbara, Santa B&emputer Engineering, University of California at Santa Barbara, Santa Bar-
bara, CA 93106 USA. bara, CA 93106 USA.

Publisher Item Identifier S 0018-9480(00)06547-9. Publisher Item Identifier S 0018-9480(00)06548-0.

1R. J. Pogorzelski, P. F. Maccarini, and R. A. YOHEEE Trans. Microwave 1R. J. Pogorzelski, P. F. Maccarini, and R. A. YOHEEE Trans. Microwave
Theory Tech.vol. 47, no. 4, pp. 463—-470, Apr. 1999. Theory Tech.vol. 47, no. 4, pp. 471-478, Apr. 1999.

0018-9480/00$10.00 © 2000 IEEE



