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A Continuum Model of the Dynamics of Coupled
Oscillator Arrays for Phase-Shifterless
Beam Scanning

Ronald J. Pogorzelskkellow, IEEE, Paolo F. Maccarini, and Robert A. Yorkjember, IEEE

Abstract—The behavior of arrays of coupled oscillators has
been previously studied by computational solution of a set of
nonlinear differential equations describing the time dependence
of each oscillator in the presence of signals coupled from neigh-
boring oscillators. The equations are sufficiently complicated in
that intuitive understanding of the phenomena which arise is
exceedingly difficult. We propose a simplified theory of such
arrays in which the relative phases of the oscillator signals are
represented by a continuous function defined over the array.
This function satisfies a linear partial differential equation of
diffusion type, which may be solved via the Laplace transform. . , A . T
This theory is used to study the dynamic behavior of a linear as P_OISson S eql_Jatlon n Whl(.:h the distribution of the free-
array of oscillators, which results when the end oscillators are funning frequencies of the oscillators appears as a source term
detuned to achieve the phase distribution required for steering a analogous to charge density in electrostatics [7]. A related
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Fig. 1. An array controlled by coupled oscillators.

beam radiated by such an array. approach, where a discrete array is modeled as a continuum
Index Terms—Beam steering, coupled oscillators, injection Of 0scillators governed by a single global differential equation,
locked, phased array. has been described by Rard al. [8] in a mathematical

description of certain biological systems. Interestingly, their
equations are virtually identical in form to those described in
[6].

T HAS BEEN suggested that an array of coupled oscillators Reducing the problem to that of solving Poisson’s equation

can be used to control the phase distribution across teremarkably useful. Considerable insight into the operation
aperture of an array antenna in such a manner as to effgtthese arrays can be obtained by analogy to the correspond-
steering of the beam without the use of phase shifters [1}g electrostatic problem. For example, previously reported
Such an array is schematically illustrated in Fig. 1. Theeam-scanning techniques [1], which are difficult to explain
behavior of such arrays of oscillators has been describediffuitively, are reduced to an equivalent parallel-plate capacitor
detail using a coupled set of nonlinear differential equatiopgoblem. In addition, since the system is described by a
[2], [3]. These equations are derived by first describing thgngle differential equation, a new spectrum of analytical tools
behavior of an individual oscillator with injection lockingcan be brought to bear on the problem, and this allows us
in the manner of Adler [4] and then allowing the injectiono quantify both the steady state and dynamic behaviors of
signals to be provided by the neighboring oscillators in th@e array in new ways that increase our understanding of
array. Pogorzelski [5] noted that the resulting formalismoupled-oscillator systems. Lastly, although not treated here,
contains a matrix operator resembling a discretized versige continuum analysis can be generalized to two-dimensional
of the familiar Laplacian operator and conjectured that, @grays, resulting in a considerable computational advantage for
a consequence, solutions of Laplace’s equation may playadge two-dimensional array systems.
significant role in the behavior of the array. In exploring the |n this paper, we focus on development of the continuum
consequences of this conjecture, in [6], York showed thahodel and associated boundary conditions, with application
in steady state, a correct approximate description emerggshe analysis of time-dependent phase relationships in linear

oscillator chains. In particular, a description of beam-settling
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[I. DERIVATION OF THE CONTINUUM MODEL that the driving function is the distribution of the oscillator
free-running (tuning) frequencies relative to the reference

Analysis of an array of2N 4 1 coupled oscillators is ) ’
frequency. Averaging (7) over the length of the array results in

embodied in the equation

N 82(/) a<¢> _ <wtune> — Wref
de; ) v =- . (8)
g = Wounei ~ Z Awigekiy sin(®q; +60; —6;) (1) dz or Awiock
j=—N The first term is zero because the integral of the second
fori=-N,—-N-+1,---,0,1,2,---, N, which is, in essence derivative of the phase over the length of the array is equal to

[2, eq. (12)], repeated here for conveniendg; is the phase the difference of the phase gradients evaluated at the endpoints,
of the injection signal from oscillatgj evaluated at oscillator and they are both zero by virtue of the Neumann boundary con-
i, the coupling phase, and;d; is the amplitude of this signal dition there* Now, by definition, the instantaneous frequency

while the inter-oscillator locking range is defined by of the oscillators is given by
EijWtune,ij Yy W d(f) W,
AWl 1 = —2 ety J 2 _ @ ref 9
fock.1J 2Q 873 ( ) AU—)lock dr AL‘-)lock ( )
where @ is the quality factor of the oscillators ant e Substituting (9) into (8), we have that

is the free-running frequency of thgh oscillator. «; is the

. . . = (Wiune)- 10
amplitude of the output signal of thith oscillator. The phase o ) W) = (wiune) (10)
6; is the phase of théth oscillator, i.e., Recognizing that in steady state all of these mutually locked

oscillators will oscillate at the same frequency, we can interpret
0i = Wrert + ¢ 3 this to imply that this ensemble frequency is merely the
wherew,; is the reference frequency for defining the phasgverage of the tuning frequencies, a result which has been
of each oscillator. Applying this to a one-dimensional arragreviously obtained using the discrete model of such an array
and following [2], we assume only nearest neighbor couplinfg]. In the examples to follow, it will thus be convenient to
zero coupling phase, and that all of the inter-oscillator lockirget the reference frequency equal to the initial value of this

ranges are identical. This leads to ensemble frequency.
d9; s
Jp = Wiune,i — AWlock > sin(6; - 6;) (4)  A. The Infinite Length Array
j=i—1 . . . .
i Consider now an array for which= o, i.e., a linear array

which is [2, eq. (17)] under the assumption of zero couplir@f infinite length. Let the oscillator at = b be detuned by
phase. This will be the starting point for the present derivatig amount” (measured in locking ranges) from the ensemble

of the continuum model. frequency at = 0. This implies that the driving function for
Assuming that the inter-oscillator phase differences afé) may be represented by
small, we approximate the sine function by its argument, thus _ Woune — Wref _ —Cu(r)S( — b) (11)
obtaining AWk
o j=it1 (Note that while it is not limited in this linearized theory,
— = Wiune,i — AWlock Z (0; — 6;) C'is, in reality, limited by the fact that the magnitude of the
dt j=i—1 sine function in (4) must be less than or equal to unity [see
el (A19)].) The Laplace transform of (7) with respectritas then
=Wune,i — Awiock (8 — ip1 +0; —0;_1)  (5) o2 f C
which, using (3), can be rewritten in the form or2 sf = s §(x = b) (12)
doi wheref(z, s) is the Laplace transform @f(x, 7) andg(z, 0F)

gr = Wrumei — Wret F Awiock(Piv1 = 20+ di1)  (6) is taken to be zero for simplicity. The resulting solution for
fori=—-N,-N+1,---,0,1,2,-- -, N. At this point, we note the transform of the phase is
that the quantity in parentheses is merely a finite-difference le—blyE
approximation for the second derivative of the phase with flz,s) = T\/E ¢ (13)
resp.ect to a spatial variabig which correspond_s to the 'r.]dexwhich is recognized as-C/s times the Green’s function for
1 at integer values. Thus, (6) can now be easily recognized

the finite-difference approximation corresponding to the partigi)' The inverse Laplace transform is then

differential equation P(x, 7)

82¢ ad) Wtune — Wref _ ) I ((=b)2/47) _ _ f |.’L’ — b|

A ey v @) C e |z — b| erfc NG (7).
for —a—1/2 < x < a+1/2, whereg(zx, 7) is the phase across (14)

the array and the unitless timeis the time+ multiplied by The behavior of this function over the ranges0 < x < 10

the locking rangeAw.qx. The pointsz = +a correspond to and0 < 7 < 250 is shown in Fig. 2. Note that at infinite time,
the index values = +£/N. The array is taken to extend overhis function diverges as the square root of the time. That
2N + 1 unit cells with an oscillator at the center of each

unit cell. This leads to the range af noted above. Note !Derived in Section II-B.
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Fig. 2. The dynamic phase behavior of an infinite-length linear couplegg. 4. A comparison of two source representations.
oscillator array with one oscillator detuned.

time in such a manner as to maintain the oscillator phase equal
to the phase of the corresponding actual end oscillator. The
resulting injection signals from the fictitious oscillators will
then have no effect on the dynamics of the actual array. In this
sense, the extended array simulates the actual array. However,
since the phases of the fictitious oscillator at each end and the
corresponding end oscillator are maintained equal, the phase
gradient at the ends of the array is seen to be zero. Therefore,
the boundary conditions at the array ends= a + 1/2 and
Fig. 3. The dynamic frequency behavior of an infinite-length linear coupleti — — ¢~ 1/2 are seen to be the classical Neumann conditions
oscillator array with one oscillator detuned. independent of time. (It is interesting to note that the necessary
tuning of the fictitious oscillators may be obtained from (4) if
g/(ea?ired once the solution for the array phase dynamics has
€en obtained, as described below.)

is, the phase never reaches a steady-state value. Howeb
differentiating this function with respect to time gives the . -

Following the prescription suggested above, we postulate a
solution of the form

dynamic behavior of the frequency in the form
flz,s) = 3575 1P UVE 4 Ope Ve 4 Ope™V. (16)

cqual 0 the orignal ensembie requenc as one over 0 S0 1 Sleine e toun Sonse e,
the square root of the time. This is a manifestation of the” y Imp 9 y y

fact that changing the tuning of one oscillator in an infinitgnds'r Tf?g mverrsie La\E)I?centir:f?r?iftorm ;s ;henl ea|S|Iy texdprens?ﬁd
array does not change the ensemble frequency. This frequeﬁégati(\a/z rl(JeZISSXizS Izosve?/er we ehz\:\(/ae c;oSr?defhgtC?[ ?e ?Jirese
distribution is shown in Fig. 3. ' ' q

At this point, one might question the use of the Dirac delt%on&derable experience with the algebra involved to effect

function to represent the spatial distribution of the detunin?mzlr'f'ca(go: dgf tth;n rzﬁglr?]r;%. eexp;resrsc:ggﬁ. Lg%r.iforg.’rér;trh'fo
in (11), preferring instead the use of a unit amplitude squ per, we adopt al V€ app ' ng di y
he result in simplified form. We proceed as follows.

pulse one unit cell wide. The result of using this alternate Recoanizing that we are dealing with a self-adioint bound
representation can be readily obtained from (14) by numerical 9 9 Aing . )
convolution and may thus be seen to differ very little fro ry value problem of Sturm—Liouville type, it becomes clear

(14) itself. The greatest difference occurszat= b and the t. at the Green's function can be directly expressed as a

two results at this point are displayed as a function of time IPPeaf combination of the normalized eigenfunctions of the

Fig. 4 for comparison. We choose in this treatment to use tHgferentlal operator satisfying the boundary conditions. These

. . . . igenfunctions ar
delta function representation for analytical convenience. eigenfunctions are

rreguency

c 2
w(#,7) = wret + Awioa ——= ¢ T Hu(r) - (15)
-

which at infinite time converges to the steady-state value

V2 cosh(z./5,,)
i Up = —F——— (17)
B. The Finite-Length Array V2a+1
Consider now an array extending fromu to a in z, thus _ V2 sinh(z\/5,)
: : : : , U = ———— (18)
having 2a 4+ 1 oscillators. To derive the dynamic behavior tv/2a 41

of the phase in such an array with the elementrat= b \heres, ands,, are given by

detuned, we must effectively add homogeneous solutions of 1

(12) to the particular integral (14) so as to satisfy the boundary sinh [\/5 <a + 5)} =0 (29)
conditions at the ends of the array. These boundary conditions

are most easily derived via the following artifice. Imagine or@d

additional fictiFipus oscill_ator added at each end of the array. cosh [ 5 <a + 1)} —0. (20)
Let these additional oscillators each be tuned as a function of 2
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That is,

2 200 ¢
2 {
Sy = — nr = —0, (22) %
2a+ 1 o 160

(]

forn =0,1,2,---, and
2 1
Sm:_<w

/]#0\
7 //'i‘

o‘\i

//

,;/

(22)

2 0o
= —0n o
-200 .,

20 +1 e
* Time 1, 4 //E 5\<\é‘6+
form:071727"' e[/nVLSO 207 5 \\‘b\d
. . . . . O Y T . N
The Green’s function can thus be immediately written in " /;ano 570 O
the form vy

Fig. 5. The dynamic behavior of a coupled oscillator array under step
detuning of the element at = 5.

2 cosh(a’\/s,) cosh(z/5y)
(2a+ 1)(s, — )

- Z 2 sinb(2'y/5n) sinh(z/5m) (23) of the tuning frequencies, is now no longer equal to the

m=0 (20 +1)(sm — 5) reference frequency, the phase solution includes a linear time

where the tilde denotes the function in the transform domaikependence, which corresponds to this frequency difference
Note that, despite the presence of the square roots, ther€'j§2a + 1). This may also be seen directly from (7) by

no branch cut because the solution is an even function of theeraging the equation over the length of the array which leads
square root ofs. The solution of (12) is, therefore, to (8). Recall that the first term is zero because of the Neumann
2 cosh(by/3y) cosh(ay/5) boundary conditions. The right-hand side is a constant equal to

>

n=0

Glz,2'5s) =

d(x,s) = _¢ Z the change in the average tuning frequency, C&(2a + 1).
ey (20 +1)(sn = 5) Thus, we have
C & 2 sinh(b,/5,,) sinh(z,/sm
s Z (2(a\—/i-T)zs —(s) ) (24) he) ¢ (27)
m=0 m dr 2a =+ 1
The inverse Laplace transformation is now a trivial matter
of evaluating the residue at the single pole in each term of
the summations and the pole at the origin. (Of course, some Cr
care must be taken concerning the double pole at the origin (¢) = a1 (28)

arising from the zero eigenvalue term in the first summation.)

The result is The constant of integration is zero by virtue of the initial
s 7) = Cr condition that the initial phase is zero, which was implicit in
7 T 2a+1 the Laplace transform of the differential equation (12). Thus,
> 2 cos(by/a,) cos(x\/a,) we can conclude that, aside from this linear term, the average
+C Z (2a+1)o of the phase over the array remains zero for all time. The
":ol " behavior of an array with 21 oscillators when the oscillator at
Lo Z 2 sin(by/o,,) sin(z/0,,) = 5 is detuned byC locking ranges is displayed in Fig. 5,
= (2a+ 1o, which is obtained by direct evaluation of (26) suppressing the
ey n term linear in time.
-C Z 2 cos(by/an) cos(zy/on) e~ nT The first two summations in (25) are merely Fourier series
(2a+1)on expressions for the steady-state phase distribution and can be
sin(by/@m) sin(z\/om) evaluated in closed form leading to
-C Z (20t Do e 7mT  (25) N
m=0 m 2 cos(by/o,,) cos(x+/T,,)
which can also be written in the form Paa(,7) =C Z (2a + 1)on
Cr
Pz, 7) = a1 Lo Z sin(by/om) sin(z\/om)
Lo i 2 cos(b\/0,,) cos(x\/T,,) (1= — (2a + Doy,
(2a+1)o, ¢ — ¢
v i 2 cos(b\/0m,) cos(x\/0m) (1= =) 220 +1) .
—c¢ "7
“— (2a+1)om, . [a;%rb? —(2a+1)|b—z|+ G (2a+1)?
(26) (29)

The first term exhibits the shift in the ensemble frequency

resulting from step detuning the oscillator at = & by

As will be seen shortly, the quadratic steady-state phase is

an amountC locking ranges as defined by (11). Since thto be expected since it is basically a solution of Poisson’s
steady-state ensemble frequency, which is equal to the averageation with a constant source term.
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The slowest exponential decay rate can be found by evalu-
. 7
ating (22) form = 0. Thus, %2%%%%%
600 ¢ il
2 P it
™ 400 ¢ / ;%%%”'Zf%
2 0 .
. . . . . D i 5 //,’z,,,;z,,,;z,
indicating that the response time of the array under detuning 8200}, ///’,"/"" - -
of one oscillator is proportional to thequareof the number f 400 gf/ 7 %, 10
of oscillators (for largea). 7}600 de . //); o
. . . . A\
If the center oscillator is detuned, (22) is no longer the m@//w 1030 S e i’\\%@
relevant set of eigenvalues because the corresponding residues %”9/;&;09 50 OF
are zero by symmetry. In this case, the slowest decay rate is s
found from the smallest nonzero member of the set (21), i.@ig. 6. The dynamic behavior of a coupled oscillator array under step
o 9 detuning of the end elements.
Omin ~ <2CL n 1) (31) _
o 0.
which represents a response time that is twice as fast as the L=
nonsymmetrical case, but, nevertheless, again proportional to é ,;

the square of the number of oscillators (again, for larpe
Similar results are obtained by superposition when multiple )
oscillators are detuned. The steady-state solution derived as a 3

limit of the dynamic solution presented above can also be ob- e h
tained directly without resorting to the Laplace transformation. [ M
This provides a useful analogy with electrostatics, as will be %} 7 F ‘
demonstrated in the Appendix. 3 ) 1 M;‘Al L
?‘}1 -70 ‘ 2 20
lll. THE DYNAMICS OF BEAM STEERING B Angle (Deg ]

The above theory can be_ applied to_analyze the behavgdﬂé Zougre%dgggnngtc; o;rtr);e;m steering via step detuning of the end elements
of a linear array antenna (Fig. 1) in which the phases of the

signals radiated by the elements are controlled by means of

a coupled oscillator array. The technique is as described ¢ electric charge density determined by the tuning of the
Liao et al.[1], in which the output from each of the oscillatordndividual oscillators in the array. The simplified theory has
feeds a radiating element and the end oscillators in the arR§en applied to provide a description of the dynamics of beam
are detuned in opposite directions to generate a constant pH#gering achieved in the manner proposed by leaal. [1].
gradient across the aperture. The complete dynamic solutibpat is, the end oscillators of a linear array are detuned in
can be written as the difference of two solutions of the for@pPposite directions from the ensemble frequency, resulting in
(26). Each of these corresponds to detuning of the form (ﬂ)linear phase variation across the array. A key result is that,
with unit step time dependence, one solution with= « N such an arrangement, the slowest time constant governing

and one witht = —a using antisymmetrical tuning, i.e.,the dynamics is proportional to the square of the number of
Awr = —Awg = Awy in (A22). The result is elements in the array.
Awr o= 2 sin(by/a,,)sin(z/o,,) _
- 1—e=m7Y, APPENDIX
¢($7T) ACU]OCk rgz:o (20/"_1)0—7” ( c )

THE STEADY-STATE SOLUTION—ELECTROSTATICSANALOGY

In this appendix, it is shown that the steady-state solution
This function is shown in Fig. 6 and the correspondin@btai”ed above as a limit of the dynamic solution can also be
far-zone radiation pattern of a 21-element array with halfPtained directly by solution of Poisson’s equation.
wavelength element spacing driven with these phases is showfR€tUrning to (7), we note that, in steady state, the oscillators
in Fig. 7. Note that the pattern retains its basic shape, bdf]l 2l oscillate at the same frequenay, the average of the

main beam and sidelobes, throughout the transient peri@¢ind frequencies, and the phase will be constant with time.

The duration of the transient period is governed by the timd1erefore(96/9r) = (9/07)(wot +¢) = (wo/ Awiock) = Lo

(32)

constant (30). and the differential equation then takes the particularly simple
form
IV. CONCLUDING REMARKS ¢
o o ) dez —-p (A1)
A simplified theory describing the dynamics of coupled X

oscillator arrays has been presented. It has been shown thérep = Qiune — R0, Qtune = (Wiune/Awiock ), aNdQy =
the steady-state limit of this formalism is analogous to ele¢®;.,.), i.€., Poisson’s equation of electrostatics wherées
trostatics and, as such, is governed by Poisson’s equation wifte analog of electrostatic potential apdis the analog of
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charge density (divided by permittivity). This charge densitygo we write

is determined by the deviations of the tuning frequencies from 1

Qp and, as such, its integral over the array is clearly zero, TL=775 Qob(2a + 1) (A10)
implying zero net charge. It is noted at this point that one may

determine the tuning necessary to obtain any desired phase TR=YT5 Qob(2a + 1) (A1)

distribution along the array by merely substituting the desireaq_|OI thus obtain
phase function into (A1) and differentiating twice, with respect 1 1 1
to z, to obtain the tuning function. It will be of particular ¢, (z) == Qoz® + = Qo(2a + Dz + v — = Qb(2a+ 1)
interest, however, to observe the phase distributions obtainable 2 2 2

by tuning only two of the oscillators—those at the two ends 1 1 1 (AL12)
of the array. $r(z) =3 Qox? + 5 Q02+ Dr+y— 5 Qb(2a+1)
(A13)

A. One Element Detuned

Assuming that a Green’s functiofl satisfying appropriate Which can be written in the more compact form

boundary conditions is known, the general solution can be
written in the form

o) = [ T Gl ded (A2)

1 1
() = 3 Qox? — 5 Qo(2a + 1)|b — | + 7. (A14)

Now, imposing the discontinuity condition on the derivative
acrosszx = b,

where ¢¢ is a constant phase-permitting selection of any d¢ _d =—Q(20+1)=-C (A15)
desired phase reference. It is noted in passing that for an 4% |,_p+  dz|,_,-
infinitely long array which gives
1
Gz, 2"y = = |z — 2. (A3) Qp — ¢ Al
2 7 2a+1 (A16)

We now proceed to construct the analogous solution for thgg this, of course, renders the average “charge density” zero

present finite-length array extending fram= —a — 1/2t0 a5 expected. Finally, using the fact that the average of the
a + 1/2 with the oscillator atz = b detuned by an amount phase function over the array is zero, we obtain

C. That is, we wish to solve, subject to Neumann boundary

conditions at the endpoints of the array, the equation y= 2a+1 + b? (A17)
20 12 2(2a+1)
T2 = - Cé(z — b). (A4)  and the final result becomes
o ) , , C
This is, of course, equivalent to solving (12) forf] with  ¢(z) = a1
s = 0. As above, the solution can be written as a sum of the (2a+1)

same eigenfunctions obtained above with eigenvakldies, x |22 4+ b2 — (2a+1)|b — x| + (2a + 1) (A18)
and —a,,, and the result would emerge exactly as the two

series in (29) which, as shown above, can be summed;inggreement with (29). Recalling now that to maintain lock
closed form. However, we find it more convenient to obtain thge phase difference between two adjacent oscillators is limited

result by direct solution of (A4); thus, circumventing the serigg, «/2, which limits the phase gradient, one can show from
summation step. We proceed as follows. First, we postulq;glg) that C is limited to

solutions to the left- and right-hand sides of the detuned

oscillator atb in the form C < M. (A19)
1 , 2(a + [b])
$r(z) = 9 Qo™+ fre+ o1, forz<b  (AS) Recall thatC' is the amount of detuning measured in locking

ranges. In the linearized theory, this would imply, for example,
that for a very large array, i.e., for a very large value of

Imposing the Neumann boundary conditions at the ends bf th€ maximum amount of detuning of a single oscillator

On(r) =3 Qua’ +frrtam, fore>b (A6)

the array, we find that would approachr locking ranges. However, it is possible to
improve on this linear theory estimate by defining an “effective
Br :1 Qo(2a+1) (A7) locking range"Ady.¢ as follows. Instead of replacing the sine
2 . function with its argument, we rewrite the sine terms in the
Br=—=Q(2a+1). (Ag) form
: A in(A¢) = Awno T2 A4 A WA 2
Requiring that the solutions have the same value at b Wiock SI(AP) = Awiock A ¢=A0ald. (A20)

yields . . . .
Now, for small inter-oscillator phase differena®¢, this

vr — vr, = Qob(2a + 1) (A9) effective locking range will be approximately equal to the
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true locking range. However, near the limits of lock, it[3]
will approach 2/ times the true locking range. Thus, the
maximum amount of detuning is more accurately represented
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20+ 1

—_ A21
a+ b ( )

AWmax ~ AWlock
instead of (A19) and for a very large array, this will approach
two locking ranges instead of locking ranges. This, of (7
course, is still only an estimate because the solution (A18) was
obtained under the assumption of constant effective Iocking;]
range when, in fact, theffectivelocking range defined by
(A20) varies from oscillator pair to oscillator pair for any,
but a linear, phase variation. One can say, however, that this
represents an upper bound on the detuning for nearest neighbor
coupling because the maximum sum of two sine functions is
two, thus, the detuning can never exceed two true locking
ranges.

B. End Elements Detuned

We now investigate the aperture phase behavior when o
the end oscillators are detuned, i.e., when
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Letters

Corrections to “A Continuum Model of the Dynamics of ~ mation of (26) should be “1” instead of “0.” Finally, the trigonometric
Coupled Oscillator Arrays for Phase-Shifterless functions in the second summation of (26) should be sines instead of

Beam Scanning” cosines.

Ronald J. Pogorzelski, Paola F. Maccarini, and Robert A. York

In the above papérthe normalized:, eigenfunction in (17) should
not have the factor of/2 in the numerator. All the other,, andv,,  Corrections to “Continuum Modeling of the Dynamics of
eigenfunctions are correct as shown. This means that (23) should regkternally Injection-Locked Coupled Oscillator Arrays”

) oo cosh (T’\/q) cosh (r gn) Ronald J. Pogorzelski, Paola F. Maccarini, and Robert A. York
G(x, :'/: = Mn

(@, @5 9) ”; o0 (2a 4+ 1)(sn — )

s 2ginh (r’ﬁ) sinh (rﬁ) In the above papérequation (49) should read as follows:
— (20 4+ 1)(8m — ) A xg(T)
—OnT oo 02 @ 1 /

wherer;; = 2 fori # j and 1 fori = j. Similarly, thisy factor should = Ane” 7" {8 w70 e7n /(1 )ﬁ[el‘fc(m) - effC(V2)]} g
also replace the factor of “2” in the first summation of (24). Also the -
lower limit on the third summation in (25) and that in the first sum-
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