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emanating from radiating arrays.

1. Introduction

The study of coupled oscillators is an old and vener-
able field. In linear, Hamiltonian systems the prob-
lem reduces to normal mode analysis. For nonlin-
ear oscillators the set of problems is much richer,
of course. Within this broad area, one topic that
has received a lot of attention in the past decade
or so is spontaneous synchronization in large popu-
lations of limit cycle elements [Strogatz & Stewart,
1993]. The recent surge represents an acceleration
of interest which traces its ancestry back to the pi-
oneering work of Kuramoto [1975, 1984], Winfree
{1980], Wiener [Strogatz, 1994; Wiener, 1958], and
(for an Edenesque “population” of two) Huygens
[Nijhoff, 1893].

In this paper, we consider the following
model describing the dynamics of a population of
oscillators

qi)_-,' = Wj + K Z sin(¢; — ¢j + @) (1)

where ¢; is the phase of the jth oscillator, w; is
its natural frequency (i.e. its frequency in the ab-
sence of coupling), the sum is over all nearest neigh-
bor sites i, and K and & are coupling constants.
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We consider a relatively new application of mutually interacting, synchronized oscillators. The
idea is to intentionally introduce variations among the elements to induce phase shifts between
the oscillators. Though often unwanted, in certain instances these phase shifts are highly
desirable: We discuss how to manipulate array parameters in order to steer and scan the beam

This is an example of what are called “phase mod-
els” since the only variables are oscillators’ phases
and mot, e.g. their amplitudes. While obviously
a restricted class, phase models arise in studies
spanning a wide range [Strogatz & Stewart, 1993],
including mechanical [Blekhman, 1988], electrical
[Hadley & Beasley, 1987; Wiesenfeld & Swift, 1995],
chemical [Winfree, 1980], and biological [Cohen
et al., 1982; Kopell et al., 1991] contexts. In this pa-
per, we are interested in a very particular physical
application, where the individual elements are radi-
ators (i.e. they emit energy via electromagnetic or
acoustic waves), and in this context Eq. (1) in par-
ticular is sometimes used to describe coupled lasers
[Fabiny et al., 1993; Braiman et al., 1995; Roy &
Thornburg Jr., 1994] and semiconductor antenna
arrays |York, 1993].

Tn studying a population of coupled oscilla-
tors, one can focus on various levels of synchrony.
One is the degree to which the elements lock onto
the same frequency. For that subset which is
frequency-locked, one can further investigate the
relative phases of their oscillations. Depending on
the physical context, the “desired” behavior of the
system may vary. For example, in studies of loco-
motion in the lamprey a particular standing wave
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pattern corresponds to coordinated swimming. In
studies of Josephson junction arrays and multimode
lasers, on the other hand, the goal of maximum
power output is achieved if the elements oscillate
precisely in phase. And in the context of antenna
arrays, a focussed beam is achieved for any dynam-
ical state where there is a constant phase gradient
across the array.

It is the last example that motivates the present
work. In particular, we investigate how to control
the spatial phase gradient of the attractor in or-
der to achieve dynamic directional control of a ra-
diated beam. The question is how to adjust acces-
sible system parameters to create the appropriate
attractor.

The answer to this question can be extracted
from studies of how disorder corrupts the inphase
state in systems comprised of identical elements.
If the inphase state is attracting, then introduc-
ing small variations among the elements [so w; =
w + dw; in Eq. (1)] modifies the attractor but does
not destroy it. The modification is such that the
individual waveforms, having coincided in the in-
phase state, now suffer phase shifts from one ele-
ment to the another. As the disorder in the pa-
rameters dw; is increased, some of the oscillators
cease to be frequency-locked. This process can be
analyzed in detail in the mean-field, large-N limit
[Kuramoto, 1975, 1984] for random variation of pa-
rameters; the consequences in a physical example
have been worked out in the case of a series ar-
ray of Josephson junctions [Wiesenfeld et al., 1996,
1998].

In the context of Josephson arrays, mismatches
in the natural frequencies typically degrade the sys-
tem’s coherence, but this is not so for antenna
arrays. Properly chosen, a nonrandom variation
among the elements results in beam steering; active
control of these parameters allows for the possibility
of beam scanning, as we now describe.

2. Beam Steering Without
Phase Shifters

Figure 1 illustrates the basic principle. Shown there
Is an array of identical point sources, which we
imagine to radiate isotropically. The natural fre-
quencies of the sources may be different, but we
assume that the elements oscillate with equal am-
plitude and, due to their interactions, at a common
frequency Q. Far away from the array, the total

ntl @

Fig. 1. Geometry of a one-dimensional array of radiating el-
ements. Whether the radiated waves constructively interfere
along an angle ¥ depends on the phase difference betweeen
neighboring sources. The phase difference has both a dynam-
ical and a geometrical contribution.

(complex) field at a point P is proportional to
B(P)=>" ¢ (2)

where &, is the phase of the emitted field at P due to
the nth source. Now, £, depends on both the phase
¢p, of the source oscillator and the path length L,
from the source to the point P

€n = dn + 27T'I;\_n (3)
where ) is the wavelength of the radiation. Com-
pletely constructive interference occurs at points P
where all the &, are equal modulo 2r. We assume
that the array elements are equally spaced with a
nearest neighbor separation d. Then, in the far
field, the rays arriving at P are very nearly par- .
allel, so in the direction ¥ (see Fig. 1) the path

length difference for neighboring sources is d sin ¥,
so that

Gn — En-l = ¢n - ¢n—1 + 271'% sin ¥, (4)
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Fig. 2. Data from an experiment on a linear array of 8 MESFET oscillators, demonstrating the phase shifterless beam steering
scheme, (a) The radiated beam is undeflected when all of the oscillators have the same natural frequency. (b) By detuning
the two end elements, the beam is deflected by about 30°. After [York & Itoh, 1998].

Consequently, the condition for constructive in-
terference along direction ¥ is that the “dynamic
phase differences” between neighboring sources is
constant

d
On — Pp—1 = —27TX sin ¥ (5)

Said another way, if the oscillator array is in a
frequency-locked state with a constant spatial phase
gradient, the radiated energy in the far field will lie
along a beam directed at angle ¥. Controlling the
magnitude of the spatial gradient results in steering
the beam angle.

This idea [Liao & York, 1993] has been called
“heam scanning without phase shifters” to dis-
tinguish it from an alternative (and traditional)
method which alters the phase of the wave ema-
nating from each source by slowing down each wave
by the appropriate amount (e.g. by placing lenses
in front of the array). The use of phase shifters is a
way of manipulating relative phases for uncoupled
and therefore independent coherent elements. In
contrast, the “phase shifterless” technique requires
the oscillators to be dynamically coupled, and takes
advantage of the natural dynamical evolution of the
nonlinear system. An additional benefit of the cou-
pled nonlinear system is that frequency-locking per-
sists even in the presence of small random variations
among the elements. And, as it turns out, there is
still one more benefit: Only the elements on the
periphery of the array need to be manipulated in

order to generate the desired phase shifts for all of
the elements [Liao & York, 1993].

Figure 2 shows the results of an experiment
which implemented this scheme for beam steering
using a linear array of eight equally spaced GaAs
MESFET voltage controlled oscillators. The only
external control used was to adjust the natural fre-
quencies of the two end elements. The top figure
shows that when the oscillators were tuned to the
same natural frequency (in this case 8.4 GHz), there
is a tight beam in the direction perpendicular to the
array (¥ = 0). However, by symmetrically detun-
ing the natural frequencies of the end elements, the
beam is shifted by about 30°. For this geometry,
the latter corresponds to a nearest neighbor phase
gradient of /2 radians.

3. Static Steering in One and
Two Dimensions

In this section, we extend in various ways the exist-
ing theoretical analysis of the beam steering scheme
[Liao & York, 1993]. We consider the phase model
Eq. (1) in one and two dimensions. In the next
section, we turn to the problem of time-dependent
scanning.

For a one-dimensional, nearest neighbor cou-
pled array, the governing equations are

$; = w;+ K sin(pj1—¢;+8)+K Sin(¢j—1—¢j+(‘1’g
: 6
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where j = 1,..., N, ¢g = ¢ — ® and ¢ypq =
éNn — ®. Here, as elsewhere in this paper, we as-
sume that K cos ® is positive, so that when the os-
cillators are perfectly identical (w; = w) the inphase
state is attracting, and thus the far field radiation
pattern has a maximum in the forward direction.
Our real interest is not, however, in the identical os-
cillator case. Rather, we want to modify the array
parameters from this pure, equal-w configuration in
such a way that the dynamics have an attracting
solution characterized by a time independent, spa-
tially uniform phase gradient, i.e.

Gjr1— ¢5 =6 (7)
where j = 1,..., N — 1 and the phase gradient 8 is

a constant. This is a solution of Eq. (6) if we adjust
the bare frequencies as follows:

Wy =w— K sin(f ~ o) (8)
Wi =w (9)
wy =w+ K sin(é + @) (10)

where j =2,..., N—1. That is, if initially the ele-
ments have identical bare frequencies, only the two
end elements need to be adjusted, regardless of the
desired value of . The resulting solution has all
oscillators rotating with the same constant angular
frequeny © given by

0 =w+ 2K sin ® cos ¢ (11)

Interestingly, this constant phase-gradient solution,
achieved by tuning the edge oscillator frequencies
was investigated two decades ago [Cohen et al.,
1982] for its relevance to swimming motion in the
lamprey,

Is this solution an attractor? To test this, we
substitute ¢; = j8 + Qt + n; into Eq. (6) to de-
termine the linearized evolution equations for the
perturbations 7;, Written in matrix form, 7 = Jn,
the Jacobian matrix is given by

—-a a 0
¢c b a
J = c b (12)
o g
0 c —c
where
a=K cos(f + ) (13)
¢=K cos(f — &) (14)
b= —(a+c) (15)

Even though the unperturbed solution is time de-
pendent, the Jacobian happens to be a constant
matrix. This simplifies matters considerably: The
Floquet exponents p, are simply the eigenvalues
of J. By suitable coordinate transformations (see
Appendix), we can explicitly diagonalize J, and
then read off the eigenvalues, with the result

T
= —2K cos ® cos 0 <1 — COS (-———))
xV1—tan?® tan?f, n=1,..., N -1

where n = 1,..., N — 1. The unperturbed state
is stable just in case all N — 1 nonzero exponents
have negative real part. (The Nth exponent, corre-
sponding to perturbations-along the orbit, is always
zero. The other exponents describe the growth rate
of perturbations transverse to the orbit.)

It follows from Eq. (16) that the desired state
is stable for phase gradients 6 between —(7/2) and
7/2. Figure 3 shows, for a typical case, a plot of the
real part of the largest transverse Floquet exponent
as a function of phase gradient #. In general, the
stability is greatest when 6 = (7/2) — ®.

These results can be extended to the case of
two-dimensional rectangular arrays, as we will now
show. The key outcome is that the beam can be
directed independently in both horizontal and ver-
tical directions. Mathematically, the problem is
“separable” for rectangular geometries, and the
analysis can be reduced to a combination of two cf-
fectively one-dimensional problems of the sort just
analyzed.

~0.02

—-0.04

-0.06}

—-0.08

0 /6 /3 2

0

Fig. 3. Real part of the largest nonzero Floquet exponent
as a function of phase gradient for a one-dimensional array;
b=7/5 K=01,N="1.




Consider a rectangular array consisting of M
rows and N columns. Let ¢;; denote the phase
variable of the oscillator at the site (4, ). The gov-
erning differential equations are

bij =wig + K> sin(dgm — ¢ij + @)
(km)

(17)

where the sum is over nearest neighbor sites only.
We want to choose the parameters w;; such that
there is an attracting solution with uniform hori-
zontal and vertical phase gradients,

(18)
(19)

where 6, and 6, are constants. Substitution of
Eq. (19) into Eq. (17) yields conditions on the wi;.
As in the one-dimensional case, all of the interior
oscillators must have the same natural frequency w,
while only the elements on the boundary need to be
adjusted to achieve any desired values of 8, and 6.
Specifically, the edge elements must satisfy

wm:w-—Ksin(Hy—(I));j=2,...,N~1 (20)
wM,j=w+Ksin(9y+<I>);j:Z,...,N——l (21)
wi,1=w—Ksin(9w—<I>);i:2,...,M—1 (22)
wi,N=w+Ks'1n(Gz+<I));z’:Z,...,M—-l (23)

bij+1 — iy = Oz

bir1,5 — bi,j = Oy

and for the corner elements

w1 =w — Klsin(f; — @) + sin(d, — ®)] (24)
wiy =w + Klsin(f; + 3) — sin(6y — )] (25)
wy =w — K[sin(0, — @) — sin(0, + ®)] (26)

wy N =w + K[sin(f; + @) + sin(6, + @) (27)

With this choice of parameters, all of the oscil-

lators have the same dressed frequency
¢i.j = w + 2K sin ${cos O  + cos 6,}.  (28)

The linear stability of this periodic orbit is deter-
mined by studying the evolution of the infinitesimal
perturbations 7;;, which satisfy

Tij = GgThij+1 + baMiyj + CaMij—1 + QyMi+1,5

+ byMig + CyMi-1,j (29)
where
agy = K cos(fz,y + ) (30)
by = —(az,y + Czy) (31)
Coy = K cos(fz,y — ) (32)
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and
mj=my J=L..N (33)
7,0 = M1 i=1... M (34‘)
M1y =MMg J =L N (35)

M (36)

The system of equations for the perturbations
is separable. We write the variables as the product

(37)

nN+1=MN; =1

Nij = YiTj
where z; and ¥; satisfy the eigenvalue relations

(38)
(39)

agTj+1 + bz + CaZj-1 = PrjTj

ayYit+1 + byYi + CyYi-1 = Pyili

Substitution of Eq. (37) into Eq. (29) yields, in view
of Eqs. (38) and (39),

M5 = (Pai + Pyi)h.j (40)
Thus, the eigenvalues of the stability matrix for the
two-dimensional array can be constructed by solv-
ing Eqs. (38) and (39). But these are precisely what
we solved in the one-dimensional case, so we can im-
mediately write down the result [see Eq. (16)]

g
pyi = —2K cos ® cos Oy [1 - (cos —]\Z)

% 1/1 — tan? @ tanzey]; i=1,...,M—-1
(41)

Pz = —2K cos @ cos Oz [1 - (cos %)

xﬁ——tarﬂ@tanz%]; j=1,...,N=1
(42)

and pypm = paN = 0.

The stability results follow immediately, and
follow closely those for the one-dimensional array.
The beam steered state is stable anywhere in the
range Oz, 6y € (—(7/2), 7/2). From a practical
point of view, it is especially convenient that the
steering angles in the z and ¥ directions can be var-
ied independently by controlling the elements along
the horizontal and vertical boundaries, respectively
[see Eqs. (20)—(23)].
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4., Time-Dependent Control:
Beam Scanning

Having established how to steer the beam, i.e. point
it in a particular direction, we now turn to the prob-
lem of scanning the beam in a time-dependent way.
As a first attempt, we can simply apply the scheme
for static steering [e.g. Eq. (10)] but now letting
6 — ©gcos(wst). This strategy works for suffi-
ciently slow scanning, but begins to break down as
the scanning rate increases. What happens is illus-
trated in Fig. 4. The inner elements (those farthest
from the ones being directly controlled) lag behind,
which tends to wash out the far field pattern. The
desired behavior of the array thus degrades “from
the inside out”. For the situation in Fig. 4, there is
no appreciable degradation until the scanning rate
is about 10% of the coupling strength K.

While this may be good enough in some appli-
cations, there is an alternative scheme which does
not suffer degradation at fast scanning rates, This
approach controls all of the oscillators’ natural fre-
quencies and consequently discards one of the nice
features of the boundary-only scheme. Neverthe-
less, the improved performance may justify the cost;
moreover, it is worthwhile studying since it is ana-
lytically tractable, and thus provides some theoret-
ical insight,

Om are plotted versus scanning frequency w,, with & — 0, K =0.01, 0y

seen (01 = 65 solid line, B, = 65 dotted line, 8,
differences versus time for w, = 0.01.

I ——

We begin again with the one-dimensional array,
governed by Eqgs. (6). We seek a solution having a
spatially uniform phase gradient, but with arbitrary
time dependence

¢J+1-¢J=9(t)7 j=1,...,N’“‘1

Substitution of this into Eqs. (6) results in the fol-
lowing conditions on the natural frequencies w;:

(43)

wy =w— K sin(f — ) (44)
wi=w+(j—1)0; 5=2,..., N-2 (45)
wy=w+ (N —1)0+ K sin(@ + @)  (46)

Comparison with the static case shows that, to
achieve perfect scanning, we are additionally impos-
ing a spatial gradient on the natural frequencies,
whose magnitude is proportional to the instanta-
neous scanning rate §. With this choice of parame-
ters, the oscillator variables evolve according to

¢bi=G-10+w-+2Ksindcosf.  (47)

Still keeping the time dependence unspecified,
we can analyze the stability of this state. In fact,
the calculation closely follows the static problem.
The perturbations 7; again satisfy 7 = Jn with

05|
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phase differences (rad)

3500 4000

=7/6, and N = 7, Only three distinct curves are

= 04 dashed line) owing to a right-left about the middle element, (b) Phase







