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Modeling the Capacitive Nonlinearity
in Thin-Film BST Varactors

David R. Chase, Member, IEEE, Lee-Yin Chen, Member, IEEE, and Robert A. York, Senior Member, IEEE

Abstract—A simple closed-form expression for the dielectric
nonlinearity in thin-film high-permittivity barium strontium
titanate (BST) devices is obtained from a third-order power-series
expansion for the field-polarization relation. The expression is pa-
rameterized in terms of easily measurable quantities of zero-field
capacitance and tuning ratio, and compares favorably with data
on several representative BST compositions and device sizes.
The temperature dependence of the capacitors is treated using a
simple linear temperature coefficient in the zero-field capacitance
that also compares favorably with experimental data on BST
capacitors. The influence of interfacial (“dead” layer), fringing,
and parasitic shunt capacitance on the experimental – curves
is discussed. The results are potentially useful for circuit and
electromagnetic simulation.

Index Terms—Ferroelectrics, integrated passives, nonlinear
dielectrics, varactors.

I. INTRODUCTION

H IGH-PERMITTIVITY thin-film dielectrics may exhibit
a strong field dependence in the dielectric constant that

can be exploited for voltage-variable capacitors in RF circuits.
Thin-film barium strontium titanate (BST) and bizmuth zinc
niobate (BZN) are examples of materials that have been inves-
tigated for RF applications [1]–[7]. For device and circuit de-
sign, it is desirable to have a simple analytic expression for the
capacitance–voltage nonlinearity. This paper derives a conve-
nient closed-form expression for the field or voltage dependence
of BST devices in the paraelectric regime as a function of the
geometry, film thickness, and temperature. The expression is
parameterized in terms of the easily measurable quantities of
zero-field capacitance, and tuning ratio at a given voltage, most
notably the “2 : 1 voltage” (or field). This expression is shown to
compare favorably against measured data. We also discuss the
effects of the so-called “dead” layer, fringing capacitance, and
other parasitics on the measured – curves, along with the
temperature dependence of capacitance.
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Fig. 1. Tunability curve and definitions for max and min capacitance.

II. IDEAL PARAELECTRIC NONLINEARITY

Varactors made from high-permittivity materials should
have symmetrical small-signal – characteristics, as shown
in Fig. 1. The peak capacitance at zero applied field is .
As the applied dc field increases, the small-signal capacitance

decreases monotonically. At some voltage the
capacitance is reduced to ; we define the tunability as the
ratio of maximum-to-minimum capacitance at this voltage as
follows:

(1)

The tunability thus defined is dependent on the choice of . In
this analysis can be chosen arbitrarily, but it is shown later
that the “2 : 1” voltage is an obvious choice.

Vendik and Zubko [8] have presented a field- and tempera-
ture-dependent permittivity model for ferroelectrics based on a
detailed consideration of the underlying physics. As a starting
point toward a simpler empirical model we assume a power-se-
ries expansion for the field-polarization relation of the form [9],
[10]

(2)

where is the inverse of the zero-bias permittivity (tem-
perature dependent) and describes the nonlinearity of the
material. In the context of ferroelectric films, (2) is called the
Landau–Devonshire–Ginzburg (LDG) model.

For an ideal capacitor (no interfacial layers or space charge)
we can assume that the -field and flux density are uniform
throughout the film, and relate to the external applied voltage
and charge through

(3)
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where is the capacitor thickness and is the area. This trans-
forms (2) into

(4)

The device capacitance is defined by

(5)

from which the zero-field capacitance is found as

(6)

and, hence, the apparent permittivity at zero field is just
and temperature dependent. It is helpful to introduce the

normalized variables

(7)

so that the governing equation becomes

(8)

where is just an empirical constant that we will relate to the
tunability parameter . Using (8), the normalized capacitance is

(9)

where is an implicit function of voltage through (8). If we
define the normalized charge at as , then (8) and (9)
require that

(10)

These can be solved simultaneously to give

(11)

As shown in [10], (9) can be made an explicit function of voltage
by inverting (8) to give

(12)

where

This result is exact, but cumbersome. A simpler equivalent can
be obtained using the substitution

(13)

Inserting this into (8) and rearranging gives

(14)

Note the similarity to the hyperbolic identity

(15)

Comparing terms in (14) and (15) gives

(16)

Equation (13) and (16) can now be combined to give the re-
quired charge–voltage and, hence, relationship

(17)

where

Replacing the normalized variables with physically meaningful
quantities gives the desired end result

(18)

This is the central result of this paper. Note we have introduced
a new variable that is defined as

(19)

This is the “2 : 1” voltage at which , an easily
measured quantity. Experimentally there are only two parame-
ters that define the ideal curve: and . Once we
know for a given device, (19) can also be used to determine
the voltage required to achieve a desired tunability.

For completeness we note that the original LDG expansion
(2) has now been successfully inverted as

(20)

where is the field at which the permittivity changes
is reduced by a factor of 2, and is the zero-bias per-
mittivity. This is a potentially useful result for electromagnetic
(EM) simulators.

III. ASYMPTOTIC APPROXIMATIONS

Before comparing the analytic result with the experiment it
is worthwhile to explore the behavior of (18) at the extremes of
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Fig. 2. Comparison of exact and approximate C(V ) relations.

applied field. The asymptotic behavior of (18) in the low-field
limit is then

for (21)

At the high-field extreme where , the asymptotic be-
havior is given by

for (22)

An empirical expression that gives a reasonably good match to
these low- and high-field asymptotes is given by

(23)

This expression is similar to that used in [6], and is plotted in
Fig. 2 with the exact theoretical – curve (18), along with the
asymptotic behavior in (21) and (22).

IV. COMPARISON WITH LARGE-CAPACITOR DATA

The ideal curve (18) compares favorably with ex-
perimental data, as shown in Fig. 3. For this comparison, a
relatively large-area device (2000 m ) was chosen to min-
imize the peripheral parasitics discussed later. The BST is a
high-tunability sputtered Ba Sr TiO composition, 140-nm
thick, with Pt electrodes. The BST growth conditions and
device processing are described in more detail in [11]. This
data was measured on an RF probe station with 50- m-pitch
APC40 ground–signal–ground (GSG) probes using an Agilent
4294 impedance analyzer. The CV curves were taken at 1 MHz
with a 200-mV ac signal amplitude.

Certain growth or processing conditions can result in
space–charge buildup near one of the electrodes. This can also
happen after long-term exposure to high fields as a result of the
migration of charged defects such as oxygen vacancies. In each
case, the space charge produces a built-in field, which shifts the
peak of the curve to a new voltage . Although this
is typically an indicator of a poor quality or damaged film, the
effect can be modeled if desired by inserting into

Fig. 3. Comparison of the theoretical C(V ) relation (18) with measured data
on a high-tunability sputtered BST device.

(18) in place of the voltage . No peak shift was required to
model the data in Fig. 3.

V. SMALL CAPACITORS AND FRINGING EFFECTS

Dielectric varactors have a high capacitance density, up to
100 times that of conventional integrated capacitors using SiO
or SiN dielectrics. The typical electrode areas are, therefore,
much smaller by comparison, and the periphery-to-area ratios
are much higher for a given total capacitance.

Experimentally, we observe that smaller capacitors have
a reduced tunability compared with larger devices on the
same wafer. This appears to be well modeled by a nontunable
“fringing” capacitance in parallel with the tunable device.
As the device size is reduced, this contribution represents an
increasing fraction of the overall capacitance, and the tuning
curves are observed to level off prematurely. Our data is con-
sistent with a fringing capacitance of the form

(24)

so that

(25)

where is the device periphery, and is a constant with the di-
mensions of capacitance that appears to be independent of field
or material thickness .

Fig. 4 shows the tuning curves for several small-area devices
and a comparison to the theoretical model with and without
the fringing correction. The devices were made using sputtered
30/70 BST with Pt electrodes. In contrast to Fig. 3, this data was
extracted from broad-band on-wafer RF data measured from
50 MHz to 20 GHz on an Agilent E8364A PNA-series network
analyzer. The device capacitance was determined by first deem-
bedding the probe pad parasitics, and fitting the resulting data
to an equivalent circuit model to remove the effects of residual
series inductance. The dashed curves in Fig. 4 were generated
from (18) using V, a value determined experimentally
from larger area devices on the same wafer. The solid curves
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Fig. 4. Comparison of the theoretical C(V ) relation with measured RF data
on small-area devices. The dashed line is the ideal model (18) using V = 13V.
The solid line is (25) with the fringing correction added. Note the data resolution
of 0.01 pF apparent in the measurement for the 3� 3 device.

were generated from (25) using fF and a measured film
thickness of nm. The data is shown on a log scale in
capacitance for clarity.

Note that the thickness dependence proposed in (24) is some-
what different than a conventional fringing model (e.g., [16])
in which should scale almost linearly with and, hence, a
fringing capacitance that is roughly independent of thickness.
Although the data in Fig. 4 is at a fixed film thickness, thickness-
dependent data is presented later (Section VI) that is also con-
sistent with the thickness dependence of (24). Furthermore, nu-
merical modeling on idealized structures suggests that should
be field dependent and, hence, should minimally impact the
tunability, but the data does not support this conclusion.

It should be noted that the small-area devices of Fig. 4 re-
quired a dielectric crossover to form the electrical contact to
the top electrode and this introduces a parallel capacitance that
adds to ; care was taken to minimize this contribution through
device design, estimated to be 5 fF for the devices described
here. Also, at very high fields the leakage currents in thin-film
capacitors can be substantial and cause an apparent increase in
capacitance density because the injected charge lowers the in-
ternal field; care was taken to insure that this was not a factor in
these measurements.

VI. INFLUENCE OF THE INTERFACIAL CAPACITANCE

Permittivity values extracted from measurements on thin-film
capacitors can show a strong thickness dependence. This has
previously been explained by the presence of a nontunable in-
terfacial capacitance [9], [10]. There is no general agreement
yet on the exact origin of this capacitance, but two possible can-
didates are, which are: 1) an effective interfacial capacitance
due to field penetration into the electrodes [12] or 2) an interfa-
cial capacitance associated with near-surface charge traps [13].
These effects should also be present in any thin-film capacitor,
but for low-permittivity materials they would ordinarily have a
negligible impact because the interfacial capacitance is so large,
typically on the order of 30–60 fF m . For high-permittivity

Fig. 5. Interfacial capacitance in thin-film varactors contributes a nontunable
“dead layer” that can reduce the overall tunability of the device.

materials, the bulk and interfacial capacitance densities may be
comparable in value, particularly for very thin materials that are
desired for low control voltages.

Experimental data suggests that the interfacial capacitance is
not tunable and hence is sometimes referred to as a “dead” layer,
in which case the composite effect would be modeled by a fixed-
value capacitance in series with the bulk nonlinear material [9].

The applied voltage is dropped partly across the dead layer
and partly across the bulk layer. With reference to Fig. 5, the
two interfacial dead layers are collectively described by a linear
charge–voltage relationship

(26)

and the interfacial capacitance density can be determined
from a series of devices of varying film thickness [9], and this
also yields an estimate for the bulk zero-bias permittivity . The
bulk is described by the nonlinear relationship (4)

(27)

where

(28)

The total voltage across the device is then

(29)

This relationship can be put in the form of (8) if we define

(30)

and

(31)

Thus we expect the same functional form for the relation-
ship as the ideal case (18), but with thickness-dependent param-
eters and .

For device optimization, it is helpful to make the thickness de-
pendence more explicit, especially with regards to the tradeoffs
between control voltage and power handling or linearity. Once
the interfacial capacitance density is determined, we need only
measure the maximum capacitance and 2 : 1 voltage at some
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Fig. 6. Measured data on devices of varying film thickness and comparison
with the thickness-dependent model using the parameters shown.

nominal material thickness . Using (30) and (31), the general
thickness-dependent tuning parameters become

(32)

and

(33)

is then uniquely determined for any film thickness by
the specification of , , and .

Fig. 6 shows the data for three devices of identical electrode
area, processed from three different thicknesses of low-barium
BST with Pt electrodes. These films were part of a more exten-
sive thickness series that was used to determine an interfacial
capacitance density of 32 fF m and a bulk permittivity of

. The data was extracted from broad-band RF data
taken on a network analyzer, as described earlier. Using these
parameters, and using the 575-nm material as the reference, the
theoretical curves for each device were generated from (18),
(32), and (33). A peripheral contribution was added according
to (24) using fF. Excellent agreement is observed using
the dead-layer model for the thickness dependence.

In practice, the long-term reliability of dielectric varactors
(and thin-film capacitors in general) has been shown to depend
critically on the maximum bias field (see [14] and
[15] for an example). Fig. 7 shows the tunability at a fixed field
versus film thickness, using (32) and (33), along with data from
Fig. 6.

VII. TEMPERATURE DEPENDENCE

The temperature dependence of BST thin films has been for-
mally addressed in [9], [17], and [18]. Stress in the films due to a
thermal-expansion mismatch with the substrate tends to greatly
reduce the temperature sensitivity of the permittivity as com-
pared with bulk materials. An applied field reduces the sensi-
tivity further. The thermal sensitivity is thickness dependent due
to the combination of stress and the dead-layer effect. Over the
range of temperatures normally encountered in practical appli-
cations (from 40 C to 100 C), experiments show that thin

Fig. 7. Predicted tunability versus thickness for a constant applied field using
the parameters described in Fig. 6. The dots are measurements.

Fig. 8. Measured data on devices of varying film thickness and comparison
with the thickness-dependent model using the parameters shown.

films are reasonably well modeled by a linear temperature co-
efficient for the low-field permittivity such that

(34)

where is the temperature coefficient of capacitance (TCC) at
zero bias, usually specified in ppm C. Typical numbers for
BST thin films range from 500 to 1000 ppm C, somewhat
better than an X7R capacitor material.

Inserting (34) into (28) leaves us with a complete model that
describes the thickness, size, and temperature dependence of
the device. Fig. 8 shows the calculated temperature-dependent
curves for a BST film similar to that in Fig. 6, along with mea-
sured data, showing good agreement with the simple model.
Note that the zero-bias case always has the strongest temper-
ature dependence, whereas the biased device typically shows a
very small TCC.

VIII. CONCLUSION

We have derived a simple closed-form analytical expression
for the relation in thin-film dielectric varactors, and
presented a complete model describing the observed thickness,
size, and temperature dependence for such devices. The model
compares favorably with measurements. As the electrode area
decreases, departures from the ideal are observed as peripheral
parasitics become important. The peripheral contribution to
capacitance needs to be better understood. Future research will
also focus on understanding the large-signal implications of the

nonlinearity for understanding harmonic distortion and
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intermodulation distortion (IMD) in circuits using dielectrics
varactors.
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