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Phase Noise in Coupled Oscillators:
Theory and Experiment

Heng-Chia Chang, Xudong Cao, Umesh K. Mishrallow, IEEE,and Robert A. YorkMember, IEEE

Abstract—Phase noise in mutually synchronized oscillator sys- synchronization, at which point the phase fluctuations return
tems is analyzed for arbitrary coupling and injection-locking to their free-running values.

topologies, neglecting amplitude noise, and amplitude modulation This analysis extends the authors’ prior work in coupled-

(AM) to phase modulation (PM) conversion. When the coupling . . - . -
phase is chosen properly (depending on the oscillator madel), the pscnlator theory to include a noisy Van der Pol oscillator. This

near-carrier phase noise is reduced ta/N that of a single oscilla- IS done by using a compleroise admittancefirst suggested in

tor, provided the coupling network is reciprocal. This is proved in  [8], [9], which conveniently models the complexities [12] of a
general, and illustrated with specific cases of globally coupled and typical oscillator. The resulting dynamic equations describing
nearest-neighbor coupled oscillator chains. A slight noise degra- yhe amplitude and phase fluctuations of the oscillators closely

dation is found for unilaterally coupled (nonreciprocal) chains. ble th thors’ pri isel K d v t
The 1/N reduction for reciprocal coupling applies over nearly the resemble the authors’ prior (noiseless) work, and apply to

entire range of free-running frequency distributions required for ~ arbitrary broad-band coupling networks [13]. In the general
beam-scanning, and is verified experimentally using a linear chain case, the equations describe the transformation of amplitude-

of coupled GaAs MESFET voltage-controlled oscillators (VCO's) modulation (AM) and phase-modulation (PM) noise from
operating at X -band. The effect of a nonoptimum coupling phase ha noise admittance terms—corresponding to the real and

on the phase noise of the system is also studied. As the couplin% . ts of th . dmitt tivelv. to th
phase deviates from the optimum value, the phase noise increase maginary parts of theé noise admittance, respectively, 1o the

significant|y near the |Ocking range edge for noise offset frequency indiVidUaI OSCi”ator Output ﬂuctuations. The equatiOI’lS cannot
near the carrier. be solved analytically. However, restricting attention to phase

Index Terms—AM noise, coupling topology, noise admittance, noise _and ”eg'ec““g AM',tO'PM Cc_)nverS|on_ terms in Fhe
Osci"atorsl phase noise’ power Spectra| density_ ana|ySIS permItS an analy“cal SO|utI0n fOI’ Slmple Coupllng
networks, which accurately describes near-carrier noise for
many cases of practical interest.
|. INTRODUCTION Specific N-element oscillator chains considered in this

OUPLED oscillator systems possess :synchronlzatltg)r"f‘per are_shown n F_|g. L _mcludlng 9'°b"?" coupling z_ind
. . . L nearest-neighbor coupling (bilateral and unilateral) configu-
properties that may be suitable for certain millimeter- . 2 .
L . .. rations. In each case, it is assumed that the independent

wave power-combining and beam-scanning applications. .
. . : . noise sources of the oscillators are mutually uncorrelated

[1]-[4]. In previous analytical and experimental work it ha%

been shown that robust locking favors a leyv-oscillator ut generate identical power spectra. The globally coupled

design, which implies a large locking range. UnfortunateISItuatlon of Fig. 1(a) is analogous to the single-cavity multiple

low Q-factors also imply larger phase noise. Militar evice oscillator [14], and is treated here primarily as a
Py ger p : Ymeans for comparing the results against previously published

applications for millimeter-wave sources in compact rad"ﬁ{erature [8I-[10], [14]. The nearest-neighbor bilateral and

or communications systems may require better thaiR0 : . :
) ; ) - unilateral coupling topologies are relevant to recently proposed
dBC/Hz noise-to-carrier ratio at 10 kHz offset. Similarly .. ; o
ower combining and beam-scanning applications [2], [3]. For

comme_rmal digital _communlgatlon _systems pl_ace Sm?l reciprocal coupling topologies, it will be shown that the
constraints on the signal-to-noise ratio and the bit error ratet o . . .
otal phase noise is reduced in proportionltaV, provided

(BER) for high-fidelity transmission [5], [7]' In this Paper. e coupling phase is chosen correctly. As the coupling phase
the authors show that the total phase noise of the array s . . . ; .
"déviates from this optimum value, the phase noise can in-

n Co . .
element in the array in direct proportion to the number of arracgease significantly near the locking range edge, depending

) ! . : n the offset frequency from the carrier. The results are

elements, provided the coupling network is designed properly. ... . . ) i
. . . : . Verified experimentally using a linear chain of coupled GaAs
For typical microwave FET oscillators, this result persst@I

even when the oscillators are detuned with respect to ea)%ﬁ SFET voltage-controlled oscillators (VCO's) operating at

other, until the detuning is so large as to preclude mutual_band'

] ) ] ] Il. CoUPLED OSCILLATOR NOISE THEORY
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Fig. 1. Coupling topologies considered in this paper (illustrated for a five-oscillator system). (a) Global coupling. (b) Nearest-neighladrcbilptarg.
(c) Nearest-neighbor unilateral coupling.

o oscillator model has been specified as above, the dynamic
Y i = L C + equations for amplitude and phase of each oscillator are
GuonetBuoe . ( V Gu determined in a straightforward manner [13] giving
AN O
-Gu(A) OAi _pwi (> Wi
5 = 20 (@ —4DA 3 Z €ij A

Fig. 2. Parallel negative-conductance oscillator model with a complex noise
admittance. wz

- COS (91 - 9]' + (I)“) - @ AZGnZ(t) (1)

N
analysis. This model is capable of generating all of the 90; —w; — Q Z sin (6; — 6; + @)

observed synchronization phenomenon. Either a series or ot
parallel circuit is used, depending on the device characteristics;

if the device is best modeled as a negative resistance, a series Q B i(t) (2)
circuit is employed. If the device is best modeled as a negative

conductance, a paralle_l model iS empl_oye_d, as shown in Fig_-v@aereAi, 6;, w;, and@ are the amplitude, phase, free-running
Both models lead to similar synchronization properties. Noigkequency, and)-factor of theith oscillator, respectively, and
oscillators can be modeled either through the addition of @n and @,; are the coupling parameters between itieand
equivalent noise—current generator, or with an equivalent nob?tﬂ oscillators. These nonlinear coupled equations cannot be

admittanceYoise = Goise + JBroise @S Shown in Fig. 2. Itis solved analytically without approximation.
convenient to define a normalized admittan¢e= G,, + 3B,

with G, = Gheise/Gr and B, = DBupoise/GrL, Where the

normalization variableG;, parameter is the oscillator load

admittance in the free-running state. For noise analysis, the equations are perturbed by substi-
The termsG,, and B,, describe the in-phase and quadraturéiting A; = A; + 6A; and §; = 6; + 66; where (A 9)

component of the noise signal, respectively. For the singie the steady-state solutions to (1) and (2), &hd;, 6¢;)

oscillator case it will be shown tha&,, physically corresponds are the amplitude and phase fluctuations of dheoscillator,

to the oscillator amplitude fluctuations, whil, corresponds respectively. Assuming small fluctuations, the equations can

to the phase fluctuations. For two or more coupled oscillatokg linearized aroundA, #) and become

the nonlinear interaction gives rise to cross coupling between

B. Solution for Phase Fluctuations

the two types of noise. Use of the noise admittance obviates; A; ) . N

a detailed description of the noise statistics and physicaty, = pwzap(e; — 347)0A; +w3as Z 6 A e

origin, which is a useful simplification here since only a j=1

relative comparison of total-array phase noise with that of the . N

individual oscillator is desired. ccos (B; — 0; + @i) — wsan Y €i;(86; — 86;)
The oscillators are coupled through an arbitravyport i=1

~ ~ A~

network that is described by -parameters [13]. Once the - Ajsin(6; — 0; + ®45) — w3apA; Gri(t) (3)
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identical. Under these assumptions, (6) reduces to

N
A o g< )5& == €;(80; — 60;) cos (6; — 6;) — B,
— W34B Z 6“((59Z - (591) Aj CcoSs (9Z - 9]' + (I)“) W3 dB Jzz:l J J j

/ ‘ i=1-.- N. (8)

The matrix form of (8) is
where wzgp = w;/2Q), half the 3-dB bandwidth of the _

oscillator tank circuits (assumed identical to first order). Nob = En (9)
In previous papers [1], [13], the authors have shown that
it is desirable to operate the array using a coupling netwogkhere

designed to giveb,; = 2x, so that for identical oscillators

and free-running frequencies the stable locked state has all éﬁl Binl
oscillators in-phase. This will be assumed to be the case here. ﬁ _ 602 o Bio
Also, the spectral characteristics of the noise fluctuations are N " :
of most interest. Fourier transforming (3) and (4) gives o~ .
60 N Bun
w \ ~ N The matrix N will reflect the coupling topology of theV-
<W‘idB>6A‘ = e _3A 6‘4 +Z 6“6‘4 element coupled oscillator array. The phase fluctuations of
NFl the individual oscillator are then determined by the matrix
cos (B = ;) = 3 1550, — 89;) equation
) R 86 =P B, (10)
Aj sin (6; — 8;) — A;G; (5) o
where P = N . Since many of the coupling topologies
W\~ NoooA [ 6A: —6A o possess some intrinsic symmetry which leads to common
< )6& :—Z e < L Z) sin (6; — 6;) solutions for all of the phase fluctuations, it is useful to
wsdB o A Ai simplify (10) by writing
N A o B
d 6“((591‘—(591') A] COS(QZ—QJ')—BM . Y N
=1 A; 86; = pijBn; (11)

where the tilde {) denotes a transformed or spectral variabl¥/h€repi; is an element of the matri.
andw is the noise frequency measured relative to the carrier.The power spectrum of the individual noise fluctuations
In (5), the second term of the right-hand side (RHS) represefisgiven by (66,66, "), where the notatior{ ) represents an
the AM noise transformed from all the+ i oscillators to the ensemble average. Evaluating these power spectra using (11)
AM noise of theith oscillator, and the third term representéeads to cross-power spectral densities of the fofip; By, ).
conversion of PM noise to AM noise. Similarly in (6), theAssuming the quadrature noise sourc8s,(t), are random
first term of the RHS represents AM noise transformed to Pfgrgodic) processes with zero time average, it can be shown
noise, and the second term is PM-to-PM noise. Note that thétging the Wiener—Khintchine theorem [11] that
is no mutual transformation between the AM noise and PM
noise when the oscillators are in-phase, ife.= 4; for all (BniB};) = (|Bnil*)63; (12)
1 # j. This result is consistent with that of [8] and [10].

One can write (5) and (6) in the following concise matr'Mhereé is the Kronecker delta. The termBmF) is the

format: power spectral density of thigh oscillator's quadrature noise
o L source. It will be further assumed that all the oscillator noise
AM — AM  PM — AM SA AG, sources have the same power spectral density, so that
<AM —PM PM— PM) ) \ B, 0

(Bal?) = (1Bn2l?) = -+ = {|Banl?) = {|Bal*). (13)

where AG, is the N x 1 in-phase or AM noise-source Furthermore, for notational convenience the notatjgnwill
vector, andB,, is the N x 1 quadrature or PM noise-sourcebe hereafter dropped and the power spectrum will be written
vector. For simplicity, focus here will be on the PM-to-PMsimply as|69 |2 or |B |2, with the ensemble or time average
noise conversion, assuming all the steady-state amplitudes laegng implicitly understood.
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Using (12), one can write the power spectral density of tiioperties of a single oscillator are found by setting= 0
ith-oscillator phase fluctuation (i.e., the phase noise) as such that there is no mutual coupling between the oscillators.
Then, (5) and (6) become

N
80:1 = |B,|? il 14 npe .
6 =18 2 I 4 o e? — 342|864, =-4iGu (20)
W3 dB
T . . and
which indicates that théth element phase noise is found by o S 21
summing the magnitude square of the elements inttheow W3 dB ¢ TP (21)

of the matrix P.
The combined output of all the array elements is thEherefore, the AM noise for single oscillator is
most important quantity of interest in coupled-oscillator array

applications. Assuming the outputs are combined efficiently, A§|ém|2
the combined output signal is given by |6 A; uncoupled — o \2 - (22)
( ) (342 - a2)?
N W3 dB
V(t) =AD" cos(wet+ 66;) (15) X
=1 whereq; and A; are the free-running oscillator amplitude, and

the steady state amplitude after coupling, respectively. The PM
where the oscillators are locked to a common frequengy noise of single oscillator is
Using the small fluctuation assumption allows (15) to be

written as By)?
|69 |unc0upled | | 2 (23)
V(t) = NA cos (wot + 69t0ta1) (16) <CU3 dB)
where These results have the same form as those in [15], [16]. Note
;& that for most oscillators, noise close to the carrier w3 gB)
600101 = ¥ Z 86;. (17) is dominated by phase noise. This somewhat justifies the

neglect of amplitude noise and AM-to-PM conversion, even
for nonuniform phase progressions. The result (23) features

Using (11), one can write (17) as prominently in the following derivations.

i = Z Z b (18) lll. GLOBALLY COUPLED OSCILLATOR ARRAYS
total — ()
N iz ! The validity of this formulation can be tested by comparing

it to the globally coupled oscillator array (the completely
Again using (12), one can write the total phase noise as coupled system [5]) which has been treated elsewhere [8]-[10],
[14]. This case [illustrated in Fig. 1(a)] corresponds to a
coupling coefficiente;; = ¢ for any ¢ and j. Assuming the
(19) oscillators are all in phase, (8) becomes

N

. B 2
|69t0ta1|2 | | Z

j=1

Zp“

=1

wéﬁz =
which indicates that the total phase noise is found by summif71 —_ — —_ 1 .
the columnsof the matrixP. Many of the commonly encoun- “®lock [_(N — 1)80; + (861 + 602 + -+ + 60n) — - Bhi
tered coupling matrices have properties that make carrying out (24)
the indicated sums in both (14) and (19) straightforward.

where Awi,ek = ewsgp IS half the total locking range [1].

Putting (24) in the matrix form (9) gives the PM-to-PM noise
The noise properties of thé&/-coupled oscillators relative matrix for global coupling, as shown in (25) at the bottom of

to a single free-running oscillator are desired. The noiske page, wherez = w/Aw,q. The inverse matrix can be

C. Free-Running Oscillator Result

1-N—zx 1 1 1
1 1-N-—-z 1 1

N=c¢ 1 1 1-N—gz : (25)
. . . . 1
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easily found for this case and is given by carrier, so thatv <« Awjock, iIN Which case
= 1 =~ 1|2
5 _ 86,2 — ~ ‘wi . 31
_Gj.’L'(N +j.’L') | | - N uncoupled ( )
1+ 9z 1 1 1 ) S
1 1+ 97 1 1 At the other extreme (far from the carrier), the individual
X . oscillators approach the free-running noise properties
1 1 149z . : . (26)
: o e 1 |5\9{1|2 - |5\éi|121ncoupled' (32)
1 1 e 1 14z
) o To summarize: after adding the coupling circuits, the individ-
In this case it is clear that ual oscillators and the total array output have a phase noise
N reduction near the carrier frequency in direct proportion to
Z e | . the number of oscillatorsy. The PM noise of the individual
Pij = = g for all 5 (27) . ! .
— Jex oscillators far from the carrier frequency is not affected by the
w3dB coupling circuits and still has the same noise properties as the

o original oscillator.
so, from (17), the total output phase noise is

IV. NEARESTNEIGHBOR BILATERALLY COUPLED CHAINS

. 2
166 ota1|* = 1 LH (28) A case of practical interest for microwave oscillator arrays is
N w a nearest-neighbor mutually coupled coupled system, which is
W3dB simple to construct and is known to possess desirable attributes

for beam-scanning [1], [2], [13]. This case [shown in Fig. 1(b)]
Comparing (28) with the single-oscillator noise result in (23} described by the coupling parameters
we find
: S L 33

|66 ota1|® = N ‘6& (29) 0, otherwise

uncoupled

wheree is a constant that can be related to the circuit design
The total PM noise fofV globally coupled oscillators becomeg13]. To keep the math tractable one will also assume a
1/N of that of a single oscillator. This result agrees witltonstant phase progression along the array soétha@iﬂ =

[8]-[10], [14], and suggests that the mutual synchronization?- As described in the authors’ previous papers [1], [2],
o . ... this phase progression can be established by varying the free-
does not lead to any significant correlation of the oscillator ~ " : . . :
_ running frequencies of both the end oscillators, while keeping
phase fluctuations. the central elements at a common free-running frequency.
The noise property of the individual oscillators in the For this configuration the matri®’ in (9) is shown in (34)

globally coupled array is also of interest. From (14) and (26) the bottom of the page, whete= w/(Awioq cos Ab).

the power spectral density for theh oscillator in the array The inverse ofV is not easily expressed for the general case.
is found as However, note that from the relatioR N = N P = I one

can write
2
W
N+ < ) N
186, 2 = Hlock/\56; (30) > nigpik =i
N2 uncoupled j=1
* Awiock N N N N
ISP IRTIES SO I SRR
Again, the primary interest is with the phase noise near the i=1 j=1 j=1 i=1
-1 -z 1 0 0 e 0
1 —2— 9z 1 0 e 0
— A 0 1 —2—gz 1
N = ecos Af . ] .
: 0
0 e 1 -2—- 1
0 0 ce 0 1 —1-z

(34)
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By inspection of (34), one can easily see that the term in |

d j I
parentheses, which is the sum of thik column of NV is simply . AN w=10A0
—w/wsqs, for all j. Therefore, (35) gives é 0.8 o oo lock

v
al 1 £ 06 0.1A 1
- . «— 0=0.1Am
Z Pik = @ (36) 2 ( et B
J=1 Wad %04t ﬁ -
3dB g w=0.01Aw |,
= L .
.. .= . E ©=(noise) offset frequenc
This is the sum of théth column of the matrix” as required 5 0.2 - ( )< caneney ) ) -
. . . Z, Ao)l ‘k:halt the entire locking range of the oscillator
for the total noise expression (19), and is exactly the same Pt 1

result that was obtained in the globally coupled system (27). 0 ol SR— '3' L 5
Therefore, the total noise is again given by (28), which implies 0 60 0 0 30 60 0

. . . . Adjacent Phase Difference (deg)
a noise reduction of //V, independent of the phase difference
Aé. Fig. 3. Individual oscillator phase noise (normalized to an isolated
T . . __free-running oscillator) versus phase difference between the adjacent
The result for the individual oscillator phase fluctuationssijators in a two bilaterally coupled oscillator system with = 0.
appears more complicated. Standard matrix methods [17], [I8F noise-reduction factor depends both on the phase difference between

can be used to evaluate the inverse of (34) for specific numb%oscillators and the frequency offset from the carrier. However, for most
systems, the frequency near the careg Aw, IS of most interest where

of oscillators from which the phase noise can be determing{ reduction is<1/2 over the entire locking range. Note that thisnist the

from (14). For example, folv = 2: total output phase noise, whichaswvaysreduced by a factor of 1/2 (see text).
|5§;|Zé#0 2249 at which point
— = . 37
166; 2 z?+4 37) ,v
¢ luncoupled |69|2
For N = 3: |69i|uncoupled
|5§i|ié;ﬁ0 vt gia? 43 This is illustrated in Fig. 3 for a two-oscillator system.
= =— R (38) The figure shows the phase noise reduction versus oscillator-
|00; [ Gncouptea £ T LT phase difference for several noise offset frequencies, which
are specified with respect to the locking range. As a practical
For N = 4: example, noise requirements are often specified in the range
- of 1-100-kHz offset, whereas a typical number for the locking
|69i|ié;£0 a5+ gaat + et +4 39 range in a coupled-oscillator array might be on the order
|5§1|2 T 28 L at 4 rer? 16 (39)  of 100 MHz atX-band. Therefore, the individual oscillator
¢luncoupled noise reduction can be taken &8V to a very high degree

h and s | ticients. Th " bof accuracy for almost the entire range of allowable phase
w tere qif tag tmthafe rea (I:oe 'C'%n S: d et.se resullS can Bfifrerences. It should be stressed that Fig. 3 and this discussion
extrapolated 1o the general case by induction are concerned with the noise of a single oscillator in the

array and not the total-array output noise, which, as shown

|59i|ig¢0 previously in (29), is alwayd /N, irrespective of the phase
|5§j|2 difference and offset frequency.
?luncoupled

2(V-1) 2N—2) ) To summarize, the PM noise of each oscillator is reduced
_* + g1 -t a2+ N (40) to 1/N of its original free-running PM noise within nearly the
N0 oy 2N oy nga? + N2 entire locking range, or equivalently nearly the entire range
of allowed phase shift\d. At the locking range edge, the
Recall thatz = w/(Awieck cos Aé), Again, the interest is PM noise of each oscillator rapidly returns to its free-running
in phase noise near the carrier, in which case the value \6flue. The locking effect does not affect each oscillator PM
w/Awpe is very small for most microwave oscillators andoise outside the locking range.
coupling configurations. Therefore, as longcas Af #0

V. UNILATERALLY INJECTION-LOCKED OSCILLATORS

66,2 . 1 Another coupling topology that has been reported [3] is the
Ad#o 1 41) . o i L .
e N ( unilaterally injection-locked chain, shown in Fig. 1(c). In this
| Z|wm:oumed case, each successive oscillator in the chain is slaved to the

. . previous oscillator. The first oscillator in the chain,roaster
Only when|cos Af| € w/Awieq (i.€., A8 = £(7/2), which oscillator, governs the output frequency and, presumably, the
corresponds to the maximum stable phase deviation [1]), dargput noise as well. The phase progression can be controlled
the phase noise deviate significantly from the result in (41 this case by manipulating the free-running frequencies of the
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individual VCO'’s. This situation is described by the couplinghat of the first-stage oscillator. The total noise could be

parameters significantly reduced by making the first-stage oscillator a
i1 low-noise source.
;=149 L= (43) The phase noise of the individual oscillators in the array
J 0, otherwise

can be evaluated without approximation to give
Assuming the oscillators are all in-phase, the PM noise matrix

is given by |5\9{Z|2 = |5\9{;|121nc0u1)1ed' (48)
N=¢c Therefore, one can conclude that the unilateral injection lock-
— 0 0 0 0 ing does not improve the phase noise for the total array
) ) 0 or the individual elements in the array. A low phase noise
LT _ _ in this case can only be obtained by a low-noise master
0 1 1=z . ; ; oscillator.
: 0
0 0 oo —l—gx 0
0 0 0 1 -1 -z VI. GENERAL RESULTS FOR
(44) RECIPROCAL COUPLING NETWORKS

The previous sections illustrated the importance of the
This matrix can be inverted analytically to give (45), showgoupling network in determining the noise fluctuations in the
at the bottom of the page, where = w/Aw,- Since the oscillator array. The interesting fact that both the globally
rows and columns form geometric series, the sums in (14) agéupled array and the nearest-neighbor coupling network both
(19) can be evaluated analytically. The resulting expressi@ad to al/N reduction in the total phase noise suggests that
is complicated for the case of total noise. Approximating fqhis may be a property of reciprocal coupling networks in
small z, one finds general, and not merely a special case. This will be proven

in this section.

N ﬂ7 j=1 When the oscillators are described by parallel-resonator
Zpii ~ d I . (46) equivalent circuits, it has been shown in [13] that it is
p—y NA+1- 2<j<N most appropriate to describe tié-port coupling network in

€ ’ = terms of admittance parametery; (Fig. 4). The normalized

L . coupling coefficients in this case are given b
From (19), the total output phase noise is approximately ping g y
Yi; D,
G—i = € ¢ 3%i; (49)
2

~
~

where Gy, ¢;;, and®;; are the oscillator output load admit-

|5\9/t0ta1|2 Rij =
tance, the magnitude of coupling coefficient, and the coupling
(47)  phase.

2
w N 1 1 -
YR (R I (I ‘(wi
+ <A(U10Ck> <3 2+6N>]
. . _ _ o Assuming that theéV-port coupling network is composed of
So there is a slight noise degradation which increases quadfalear time-invariant elements (resistors, capacitors, inductors,

ically away from the carrier, and linearly with increasingransmission lines, etc.), the coupling network is reciprocal
array length. For most arrays this would be a small effegtich that [6]

since the near-carrier noise is of most concern, for which

uncoupled

w/Awa < 1. At the carrier frequency, the noise is just Yii(w) = Y;i(w). (50)
-1 0 0 e 0 0
Jx
-1 -1
— 0 0 0
gz(1 4 gzx) 14z
-1 -1 -1 . : 0
D=1 ml+m? (14 jz)? 1+ o ' (45)
€
: : : g 0
-1 -1 -1 -1 0
ge(l4gz)N=2 (14 g2)V=2 (1 +ga)V—3 14z
-1 -1 -1 -1 -1

gl 401 A+ 1 A+2)V2 7 (A+m)? 1+
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+
Osc #1 \ port #1

Osc #2 Vo port #2

N-port Reciprocal
Coupling Network
(Y-parameters)

Osc #N port #N

| <+
Z

Fig. 4. TheN-port reciprocal coupling network.

Therefore, a reciprocal coupling network requires that
€ij = €54 (51)

For N-coupled oscillators withp;; = 0 (or some multiple
of 27), the elements of matrixV from (9) are

cos(B— 6y, iz
nij = <w3dB> Zel cos ( i), i=1] (52)
ezjcos(9—9) 1 F g

If the coupling network is reciprocal, then from (51) one can

see thatr;; = n;;, and from (52) one has

N N w
Z?‘Lijzznijz —j< ) (53)
=1 j=1

W3 dB

Therefore, using (35) gives

al —1
Z P = (54)

wW3dB

and substituting into (19), the total phase noise\ofecipro-
cally coupled oscillators is

160 ota]? = \69 (55)

uncoupled

Therefore, the total PM noise oWV oscillators coupled

through ararbitrary reciprocal coupling network always leads

611

achieve this exactly. In this section, one will attempt to study
the effect of nonzera. From (4) with nonzerab,;, assuming

identical oscillator amplitudes (12), and neglecting the AM-
to-PM noise conversion, the elements of the coupling matrix

N are found to be

< ) Ze“' cos ( é - éj) cos ®;;
w3dB

Tij = +Z €5 sin ( 8;) sin @, i=j (56)

€;j COS (HZ - 9]) cos ®;; — €;; sin (HAZ - éj)
\ -Sin‘I)ij, L#J

The coupling network is assumed reciprocal (g..= ¢;;).
It has been shown [1] that the free-running frequencies in the
array can always be chosen to establish the in-phase condition
(i.e., A = 0), even when the coupling phase is nonzero. For
this particular phase distributiom,; = n;; and

imj:—g< ud ) (57)

From (35), the coupled oscillator array has the same properties
as the array with®;; = 0 (or 27)

180 c0tall® = — \69 (58)

uncoupled

However, when the adjacent phase difference between the
oscillators is nonzero, then the coupling matrix is no longer
symmetrical {;; # nj;). Therefore, the results of the previous
section no longer apply, and the noise properties of the array
will deviate from that predicted by (58). Unfortunately,
the matrix N can no longer be inverted analytically in the
general case, and, in fact, is difficult to do even for small
arrays. The two-oscillator system will be examined in an
effort to determine the qualitative behavior of the arrays
for nonzero®.

Following the procedures established in the previous sec-
tions, the total phase noise for two mutually coupled oscilla-
tors, using the coupling matrix in (56), becomes

|/6-\9/t0ta1|2 —
166:2

uncoupled

2
< u ) + 2[cos? (A + ) + cos? (—Af + )]
AWlock

. . . . 2 2 . .
to a1/N reduction in the total phase noise. This is a useful < w ) 4+ [cos (AB + @) + cos (—AG + D)2

result which applies to two-dimensional (2-D) arrays, coupling

Awlock

loops, and other structures satisfying the reciprocity condition (59)

(50).

VII. PHASE NOISE OF COUPLED OSCILLATORS
WITH SMALL NONZERO COUPLING PHASE ¢

This expression is plotted in Fig. 5 at a fixed coupling phase
of ® = 10°, for several different offset frequencies, versus
the phase difference between the two oscillators. Close to

In the previous sections one has assumed that the couplihg carrier, the total noise peaks dramatically at the edges of

phase was adjusted so thiat= 0. In practice, it is difficult to

the locking range, but approaches a finite value depending
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:‘}J) oc 3

210 e 310 ©=0.01A0)

& w=0.01Aw w=0.1Ae> = lock

n lock lock - a

“ n A ]

2 z o=10Aw,_

S L 0=A0, S ¥ »

e £ " :_q 2 w E

= E =) n - ]

z A R A X f
L o=10Aw 1 L o=01Aw,_ w=A0, .

O b 1w v e L b b 0] — b 1
-90 -60 -30 0 30 60 90 -90 -60 -30 0 30 60 90

Adjacent Phase Difference (deg) Adjacent Phase Difference (deg)

Fig. 5. Total phase noise (normalized to an isolated free-running oscillat®iy. 7. Individual oscillator phase noise (normalized to an isolated
versus phase difference between the adjacent oscillators in a two bilaterfige-running oscillator) versus phase difference between the adjacent
coupled oscillator system witfe = 10°. Close to the carrier, the total noise oscillators in a two bilaterally coupled oscillator system with = 10°.
peaks dramatically at the edges of the locking range, but approaches a fiNigar the carrierif <« Aw,ci), the individual noise shows a reduction of
value depending on the magnitude of the coupling phase and the offset frone-half near the center of the locking range, and increasing dramatically
the carrier. Far from the carrier, the noise is not significantly affected by timear the locking band edge. Far from the carrier (Le.;> Awi,qk) the
coupling phase, and a noise reduction of one-half is observed over nearly itidividual noise spectrum returns to its free-running value.

entire locking range.

PATCH ANTENNA

©=0.0001A0

ck

w=(noise) offset frequency
/,\(L)I”_k:hﬂlfthe entire locking range
of the oscillator

VCO#I VCO#2 VCO#3 VCO#4 VCO#s

TTTTTLT

(D:BO“\
®=10° '

(D:ZO{\ Fig. 8. Diagram of five-element coupled oscillator array.

Ll

Normalized SSB Phase Noise

T T

(At::o 1 The noise property of the individual oscillators in the two
| 1 . | | mutually coupled oscillators witle # 0 is also of interest.
01— e — The individual oscillator phase noise is found as
90 <60 -30 0 30 60 90

Adjacent Phase Difference (deg)
. . . . N 166, 2
Fig. 6. Total phase noise (normalized to an isolated free-running oscillator) _"""*1
versus phase difference between the adjacent oscillators in a two bilaterall){59i|2
coupled oscillator system for a number of different coupling phases at uncoupled
one particular offset frequency close to the carrier. The total noise peaks w
dramatically at the edges of the locking range wiierdeviates from zero. <—
As @ is close to zero, the total phase noise is not significantly affected by Awiock
the coupling phase, and a noise reduction of one-half is observed over nearly <

2
) + [cos? (AG + ®) + cos? (—Af + )]

W

5 .
the entire locking range. ) + [cos (Aé + @) + cos (—Aé + 9)J?

(60)

Awlock

on the magnitude of the coupling phase and the offset from
the carrier. Far from the carrier, the noise is not significantly o o
affected by the coupling phase, and a noise reduction of 1/21i8iS expression is plotted in Fig. 7 fdr = 10°, for a range
observed over nearly the entire locking range. Similarly, Fig.§ Offset frequencies. Near the carriev (< Awpa), the

shows the total noise versus phase difference for a numbelgfividual noise is identical to that of (59), showing a reduction

different coupling phases at one particular offset frequency.Of one-half near the center of the locking range, and increasing

The general behavior exhibited in Figs. 5 and 6 are expectd@matically near the locking band edge. Far from the carrier
to hold for large arrays, at least qualitatively. One complicd€- & > Awiec) the individual noise spectra returns to its
tion, however, is that the range of allowed (stable) phase shiffg&-running value.
depends strongly on the coupling phageand the number
of the oscillators, and is no longer90° < Af < +90° in VIII. EXPERIMENTAL RESULTS FOR
general. Therefore, a numerical computation of array noise NEARESTNEIGHBOR COUPLING
must first involve finding solutions to the dynamic equations A five-element linear coupled oscillator chain was built for
(2) for a given set of free-running frequencies, deciding whicikperimental verification of the theory for a bilaterally coupled
of these is stable, and then computing the inverse coupliagray. This is shown in Fig. 8, and is a similar design to previ-
matrix P to determine the noise properties. ously reported work by the authors [13]. The array is composed
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DELAY . HP 3043A PHASE NOISE
LINE MEASUREMENT SYSTEM
1

CIRCUITS
UNDER TEST !

HP 11729 |
"""""""""" PHASE |

SHIFTER !
(MA-COM 96341)

Fig. 9. Phase noise measurement setup using a frequency discriminator method.

of five varactor-tuned MESFET VCO'’s with a nominal tuning 20 T .
range of 8.0-9.0 GHz. These VCO’s use NE32184A packaged 3 3
MESFET's and MA-COM 46 600 varactor diodes. The VCO's ~ « 20 F Free-running E
are coupled together by a one-wavelength (at about 8.5-GHz) 5 .40 L oscillators
microstrip transmission lines and are resistively loaded with % .
two 7542 chip resistors as shown in Fig. 8. As described in % -0 3 Array
[13], this technique provides coupling parameters 0.5 and Z 60 [
® = BL ~ 27. Each oscillator is designed to deliver power to E g
a 5042 load. The oscillators were “connectorized” using SMA- 2 0F
to-microstrip transitions, which allowed for simple testing, and & g9 [ Measurement
later, connection to an external five-element patch antenna L Theory
array. 90 """'4 — “““‘5

As described in [2], varying the end-element free-running 10 oﬁ%& Frequency (Hz) 10

frequencies induces a constant phase progression along the _ _ _ ,
array. Representative radiation patterns for the experimerﬁﬁ!ntﬁg,,sciﬂTﬁgrﬁfgeﬁfnéﬁ?afrire%ﬂnvr&'nnﬁ tﬁgﬁ tc?tglsgl\;orrl;zghm(gatszeregvfn
array for various end-element detunings are found in [Zhe far field. The theoretical noise reduction is shown for comparison, which
[4]. When all elements are set to a common free-runnirgthe average free-running noise divided by five.
frequency, the elements are nominally in phase and a broadside
beam is expected. It was found that the array can remain
locked within a maximum end-element detuning of approx- This apparatus was used to characterize both the total output
imately +125 MHz, which gives an estimation of the lockingarray noise and the individual oscillator fluctuations in a
range. variety of conditions. For total array noise, the oscillators
Because of VCO'’s inherent poor phase noise behavior af@re connected to a patch antenna array and the output signal
comparatively large thermal drift, a frequency discriminato¥as measured with a detector in the far field. Isolators were
technique was used for the phase noise measurement. Thased between the oscillator output and the antenna feed to
experimental apparatus is illustrated in Fig. 9. The frequengjaintain a 50 load impedance. For the individual oscillator
discriminator is implemented with a delay line and a phageeasurements, the oscillators were connected directly to the
detector. Due to the high insertion loss of the delay line seasurement system using SMA cables. Fig. 10 shows that
microwave frequencies, the signal to be measured was fiiR¢ phase noise of the individual array elements when free-
downconverted to a-1.0-GHz intermediate frequency. Therunning, and the total array output under synchronized condi-
source acting as the local oscillator has at least 40-dB lowims (all oscillators set to a common free-running frequency).
phase noise than the signal to be tested, so its phase ndiBe total output phase noise is clearly reduced as compared to
contribution to the final measurement result can be neglect#apse of the free-running oscillators. In this and all subsequent
The down-converted signal is amplified by a power amplifidigures, the noise in the range of offset frequencies from 1
and split into two channels. The signal in one channel iz to 0.5 MHz is shown, which is a range of common
delayed relative to the other. The unequal delay conveitgerest.
the frequency fluctuation in the signal under test to a phaseThe theoretical result using (29) is shown for comparison,
fluctuation. Determination of the delay time involves a tradeoéind shows close agreement to the measurements. The small
among the noise floor, offset frequency, and the tolerabd@ference between the measurement and theoretical values
insertion loss. In this case, a 23.0-ns delay time was choseauld be due to a number of influences that are neglected
giving a noise floor at least 40-dB lower than the expectéd this analysis, including the assumption of the nearest
phase noise of the signal under test up to approximately argighbor coupling, the approximation for total output phase
MHz offset frequency. In the other channel, a phase shifternsise (19), possibly small nonzero coupling phasg ¢ 0),
used to maintain quadrature between the signals in these tava the neglect of transformation of amplitude noise to phase
channels. noise.
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-20 — e — coupling. Such general results can cover any arbitrary coupling
F ; circuit, such as the bilaterally coupled loop and 2-D coupled
< 80 ¢ E oscillators. The effect of small nonzero coupling phase
T a0l E on the phase noise of the array and individual oscillator is
g F ; studied and the phase noise deteriorates as the adjacent phase
2 50 E difference between oscillators approaches the locking range
7 60 [ ] edge. Measurements for a small MESFET oscillator array at
;ﬁ 0 3 E X—bgnd confirm the noise reduqtion. ' .
o : ] This paper has neglected the influence of AM noise, which
2 -80 F the array in lock 3 will affect the PM results in the case of a nonzero phase
F ‘“i“g‘ee’ef‘e““’fthc‘my i lock ] progression. Furthermore, AM noise does not necessarily
R ”"1'04 — "”1‘05 — decrease with increasing numbers of oscillators [16] and,
10 Offset Frequency (Hz) therefore, must be examined to determine possible limitations

on array size. The analysis presented here also neglects possi-

Fig. 11. Phase noise of the array output and single oscillator under Iockﬁﬂa correlations between the oscillator noise sources. and the

conditions. ; ’ ' pES, &
influence of nonuniform amplitude and phase distributions,
but these are thought to be minor effects in a practical
-20 —— . . .
& ; sense. Although the general case involving arbitrary arrays
. -30 | . and frequency distributions is impossible to treat analytically,
= 40 - Ty : it can be treated computationally using the dynamic equations
é ) " E described at the beginning of the paper. This will probably be
§ -50 | - necessary for 2-D arrays of oscillators [19], even for simple
z - ’ ] topologies, due to the mathematical complexity of the coupling
g 60 E E matrix.
£ 70 B array without detuning -
(cg F —— - array detuned 20 Mz
[ — — -array detuned 40 MHz 4
” -80 Foa—-- jgjz detuned 120 MHz E ACKNOWLEDGMENT
90 Bl el The authors wish to thank the NEC Company for donating
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Offset F H .
set Frequency (Hz) the Duroid boards.

Fig. 12. The total phase noise of the array with and without detuning of

both end oscillators. The graph confirms that inter-element phase shift does
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